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1 Introduction

In this paper we use a simple method to quantify and analyze the implied volatility

(IV) curve of the VXX options market. Quantifying the VXX’s IV curve provides

the basis necessary for creating a VXX option pricing model founded on the market’s

empirical dynamics. Understanding the dynamics of the VXX options market will

help to determine the correct starting assumptions for a pricing model. The IV has

all the information of market option prices and reflects the risk-neutral distribution

of the underlying asset returns over different horizons.

The market for trading volatility derivatives has developed swiftly over the past 15

years. The VIX index was revised in 2003 to track the IV of S&P 500 OTM options.

Later, on 26 March 2004, the CBOE launched the first futures contracts on the VIX

index providing the first access to VIX exposure, which was desirable for its possible

hedging/diversification benefits. In 2006, VIX options started to trade. In 2009,

Standard & Poor’s started calculating VIX futures indices, such as the S&P 500 VIX

Short-Term Futures Total Return index (SPVXSTR). The VIX futures indices track

a daily rebalanced position of VIX futures contracts to achieve an almost constant

maturity. Shortly after, on 29 January 2009, Barclays Capital iPath launched the

first VIX futures exchange-traded product (ETP), the VXX exchange-traded note

(ETN).1 Finally, on 28 May 2010, VXX and VXZ options markets were launched by

the CBOE. Now options markets exist for many of the popular VIX futures ETPs.

The VIX futures ETPs and their option markets have become very popular. The

VXX is the most popular VIX futures ETP with an average market cap of about $1

1An ETN is a non-securitized debt obligation, similar to a zero-coupon bond, but with a re-
demption value that depends on the level of something else, i.e. the SPVXSTR index for the VXX
ETN.
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billion and average daily dollar trading volume of $1.4 billion.2 The VXX options

market is the most prominent of the VIX futures ETP option markets and has grown

to an average daily trading volume of 328,884 and average daily open interest of

3,097,297 contracts.3 In figure 1 we can see the growth of the VXX options market

over our sample. The open interest in VXX options has grown consistently from 2010

to 2016, reaching about three million contracts recently, while the trading volume has

hovered around 300,000 contracts per day since 2013. The other VIX futures ETP

options have also grown in popularity, but their trading volume and open interest are

still quite low. This is why our study focuses on the VXX option IV curve.

The VIX futures ETPs have recently been making headlines as a spike in volatility

led to unprecedented losses in the inverse exposure ETPs, some of which were even

terminated. One article states “The problem with ETFs is that many of them appeal

to retail investors, but are really meant for institutions” (Dillan, 2018). However,

even after the increased media attention on the complexity and risk in these products,

trading activity in their options is picking up again as noted by a recent article by

Bloomberg (Kawa, 2018). These products are traded like stocks and accessible to

retail investors, but possess complexities that even academics and highly trained

institutional investors do not yet fully understand. Providing some more insight on

these products is of the utmost importance in order to avoid unexpected outcomes,

often not even considered as a possibility for retail investors.

We use the method of Zhang and Xiang (2008) to quantify the VXX IV curve

for any maturity each day by three factors; the level, slope and curvature. This

2Averages described here are taken over the last year of our sample.
3For a detailed comparison between S&P 500 index (SPX), S&P 500 index ETF (SPY), VIX

and VIX futures ETP option markets, please refer to table 1.
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allows us to summarize the often vast number of IV-moneyness (strike price) data

points with three numbers. We can then examine the dynamics of these factors to

draw conclusions on how the VXX options market behaves. Zhang and Xiang (2008)

also provide a link between the IV curve factors and the risk-neutral moments and

demonstrate how this can be used to calibrate option pricing models. They develop

this methodology and demonstrate its application for a very small sample, whereas

we apply the methodology to the VXX options market and extend it by studying

the term structure, time series and time series of the term structure of the quantified

IV curve. Fajardo (2017) adds a torsion factor into the polynomial regression, which

quantifies the IV curve, but this is a model based factor and we want to keep our

quantification simple. Our method captures close to 100% of the variation of the

daily VXX IV curves without this extra factor.

Although there is a growing literature on pricing volatility derivatives (Zhang and

Zhu, 2006; Zhang, Shu, and Brenner, 2010; Lu and Zhu, 2010; Chung, Tsai, Wang,

and Weng, 2011; Wang and Daigler, 2011; Zhu and Lian, 2012; Menćıa and Sentana

(2013); Huskaj and Nossman, 2013; Lian and Zhu, 2013; Bardgett, Gourier, and

Leippold, 2014; Papanicolaou and Sircar, 2014; Eraker and Wu, 2017; Gehricke and

Zhang, 2018; and many more) and their empirical dynamics (Shu and Zhang, 2012;

Whaley, 2013; Bordonado, Molnár, and Samdal, 2016; Bollen, O’Neill, and Whaley,

2016; Gehricke and Zhang, 2017; and many more), there is only one published paper

looking at a VIX futures ETP options market. Bao et al. (2012) provide the only study

on VXX options proposing and horse-racing several models for pricing the contracts.

The authors, however, ignore the underlying relationships of the VXX with the VIX

futures, VIX index and S&P 500 index, which are essential to understanding the VXX
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options market fully.

Many studies have documented the S&P 500 option IV shape and/or its dynamics

(Rubinstein, 1985; Rubinstein, 1994; Aı̈t-Sahalia and Lo, 1998; Skiadopoulos, Hodges,

and Clewlow, 2000; Cont, Da Fonseca, et al., 2002; Carr and Wu, 2003; Foresi and

Wu, 2005; Garleanu, Pedersen, and Poteshman, 2009). Some authors have tried to

explain the shape/dynamics of the IV curve through other market and economic

factors (Pena, Rubio, and Serna, 1999; Pan, 2002; Dennis and Mayhew, 2002; Bollen

and Whaley, 2004). The predictability power of option market IV for the underlying

assets return has also been explored (Xing, Zhang, and Zhao, 2010; Cremers and

Weinbaum, 2010; Conrad, Dittmar, and Ghysels, 2013, Lin and Lu, 2015).

This study contributes to the literature by being the first empirical study of the

dynamics of the VXX options market. We document and provide a comprehensive

study of the VXX option IV dynamics as a starting point for developing VXX option

pricing models in the future. We show that the IV curve of the VXX is usually an

upward-sloping line with some convexity. As the options maturity increases the at-

the-money (ATM) IV increases, the IV curve’s slope decreases and it becomes more

convex. Our quantification of the VXX’s IV curve performs well with an average r-

squared value of 94.55%. The fit is best for shorter maturity options, with an average

r-squared of 98.49% for less than and 83.65% for more than 180 days to maturity.

In the next section we describe the methodology used to quantify the IV curve

and how the IV factors can be converted to the risk-neutral moments of the VXX. In

section 3 we describe our sample data and cleaning procedure. Then in section 4 we

present the results and describe the dynamics of the VXX’s IV. Lastly, in section 5

we conclude.
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2 Methodology

2.1 Implied forward price and ATM IV

In this paper we employ the methodology developed by Zhang and Xiang (2008) in

order to summarize the VXX option IV curve (IV as a function of option moneyness),

every day and for each maturity. For this we first calculate the implied forward price

based on the ATM call and put prices as follows:4

F Ti
t = KATM

i,t + eri,tτi,t(cATMi,t − pATMi,t ), (1)

where F Ti
t is the implied forward price, KATM

i,t is the ATM strike price, ri,t is the risk

free rate, τi,t is the annualized time to maturity, cATMi,t is the ATM call option price

and pATMi,t is ATM put option price, for maturity Ti on day t.

2.2 Moneyness of options

We use the implied forward price to measure the moneyness of an option as follows:

ξ =
ln
(KTi

t

F
Ti
t

)
σ
√
τi

, (2)

where KTi
t is the strike price we are calculating the moneyness for and F Ti

t is the

implied forward price for maturity Ti on day t. σ is the average volatility of the

underlying, which we proxy by the 30-day ATM IV.5 Lastly, τi = (Ti − t)/365 is the

annualized time to maturity of the given expiry option contracts.

4ATM is defined as the strike price where the difference between call and option prices is the
smallest. This is not exactly at the money and we will be providing an estimate of exactly ATM IV
using equation 3, which we call the “exactly ATM IV”.

5The 30 day ATM VXX IV is calculated by linearly interpolating the two nearest to 30 day
maturity ATM implied volatilities as IV τ = IV τ1w1 + IV τ2(1− w1).
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2.3 Quantified IV curve

Having calculated the moneyness of the options, we can quantify the IV ‘smirk’ by

fitting the regression:

IV (ξ) = αo + α1 ξ + α2 ξ
2, (3)

where IV is the IV and ξ is the moneyness of the option.6 The regression is fitted sep-

arately each day and for each maturity. Here, the coefficients â0, â1 and â2 are termed

the intercept, unscaled slope and unscaled curvature, respectively. We estimate this

quadratic function to the IV by minimizing the volume-weighted mean-squared error

given by:

VWMSE =

∑
ξ V ol(ξ)× [IV (ξ)MKT − IV (ξ)MDL]∑

ξ V ol(ξ)
, (4)

where V ol(ξ) is the volume, IV (ξ)MKT is the IV from market prices and IV (ξ)MDL

is the model IV, for the option with moneyness ξ, on a particular day for a given

maturity. When estimating the IV function we only use OTM options, as is industry

practice.7 This means that when the strike price is above (below) the implied forward

price, that is, Ki,t > Fi,t (Ki,t < Fi,t), we only use call (put) options in estimating the

IV curve.

Efficiently estimating the parameters in equation (3) should allow us to describe

the entire volatility smirk for a given maturity on a certain day with just three

parameters. We then document these parameters across time and maturities in order

to describe and explore the dynamics of the VXX options market. We will present the

6The IV is supplied by OptionMetrics Ivy DB and is calculated using the Cox et al. (1979)
binomial tree model and a proprietary algorithm to speed up convergence.

7This is because OTM options are more liquid and are more sensitive to pricing models.
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results of the regressions with and without a constraint forcing the line to go through

the ATM IV point in section 48.

We can also present the parameters in a dimensionless form as follows:

IV (ξ) = γ0(1 + γ1ξ + γ2ξ
2), (5)

where

γ0 = α0

γ1 = α0 × α1

γ2 = α0 × α2,

where γ0 is the level, γ1 is the slope and γ2 is the curvature factor. We can interpret

the level coefficient (α̂0 = γ0) as the exact ATM IV where moneyness is actually equal

to zero, which will be slightly different to the ATM IV available in the market data,

whose moneyness is the closest to zero available.

2.4 Risk-neutral moments

Transforming the coefficients of the regressions (α’s) to the dimensionless factors

(γ’s), as above, allows us to calculate the moments of the risk-neutral distribution of

the VXX, as in Zhang and Xiang (2008). They show that the risk-neutral standard

deviation, skewness and excess kurtosis (σ, λ1, λ2) are related to the level, slope and

8We constrain the regression to go through the ATM IV because then the fitted volatility curve
gives the same price as the market for ATM options. This means that there is no arbitrage between
the model price and market price for ATM options.
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curvature (γ0, γ1 and γ2) through the following asymptotic expansions:

γ0 =

(
1− λ2

24

)
σ +

λ1
4
σ2
√
τ +O(σ3τ), (6)

γ1 =
λ1

6(1− (λ2/24))

σ̄

σ
+
λ2(1− (λ2/24))− (λ21/2)

12(1− (λ2/24))2
σ̄
√
τ +O(σσ̄

√
τ), (7)

γ2 =
λ2
24

σ̄2

σ2

1− (λ2/16)

(1− (λ2/24))2
+
λ1λ2
96

σ̄2
√
τ

σ

1− (λ2/48)

(1− (λ2/24))3
+O(σ̄2

√
τ), (8)

which we call the full approximate relationship between the VXX’s IV curve factors

and its implied risk-neutral moments.

Zhang and Xiang (2008) further show that if we ignore the second and higher-order

terms and taking σ̄ = γ0, we have the following relationships:

γ0 ≈
(

1− λ2
24

)
σ, γ1 ≈

1

6
λ1, γ2 ≈

1

24
λ2

(
1− λ2

16

)
, (9)

which we call the simpler approximate relationship.

Then if we further assume that γ2 << 1, we get the simplest approximate rela-

tionships:

γ0 ≈
(

1− λ2
24

)
σ, γ1 ≈

1

6
λ1, γ2 ≈

1

24
λ2. (10)

These relationships can be used to approximate the risk-neutral moments of the

VXX from the IV curve factors. Once one has the risk-neutral moments these can be

used to calibrate VXX option pricing models, as Zhang and Xiang (2008) demonstrate

for S&P 500 options.

3 Data

Our sample is from 1 June 2010 to 29 April 2016. The options data are sourced from

OptionMetrics, a widely used and very reliable source. The VXX options are Amer-

ican style; therefore, the IV is computed using an algorithm based on the binomial
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tree model of Cox et al. (1979), by OptionMetrics. We obtain the Treasury yield data

from the U.S. Department of the Treasury website.9

We apply the following standard option data filters to the option data, following

previous work by Bakshi et al. (1997), Zhang and Xiang (2008) and the VIX index

option data cleaning methodology.

• We remove option quotes where the open interest, bid price or IV is zero or

missing.

• We remove option quotes with a maturity of less than six days.

In table 2 we summarize the trading activity of the VXX options market overall

and by maturity category after cleaning the data, as above. In the table we can see

that as the maturity of the options contracts increases the number of observations,

mean number of strikes, mean daily trading volume and mean open interest all de-

crease substantially. Most of the trading in VXX options happens in the shorter

maturity contracts.

4 Empirical Results

4.1 Quantified IV curve

In this section we present and analyze of the dynamics of the quantified IV curve of

the VXX options market, as well as those of the option implied VXX forward price.

Table 3 shows a summary of the implied VXX forward price, the quantified IV

curve coefficients (α0, α1 and α2) and the proportion of curves for which they are

significant, the quantified IV curve factors (γ0, γ1 and γ2), the goodness of fit of

9If there are no yield data on a day where there are option data we use the previous days value.
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the regressions (R-squared) and the trading volume. The summary statistics are

provided overall and by maturity category.10 Table 4 shows the same statistics but

for the regressions that are constrained to pass through the ATM IV.

In tables 3 and 4 we can see that the mean implied VXX forward price across

the entire sample and for all maturities is 26.21. Examining the mean forward price

by maturity category shows that the implied forward price decreases as the maturity

increases, from 26.45 to 26.26, for less than 30- and more than 360-day maturities,

respectively. Looking closer we can see that the average implied forward price ini-

tially decreases with maturity, until the 180- to 360-day maturity category, and then

increases somewhat. Therefore, the term structure of the implied forward price is in

contango (downward sloping), on average. Also, the variation (standard deviation)

of the implied forward price is 9.95 overall and tends to increase as the maturity

becomes longer.

The level coefficient (α̂0 = γ0), which is the exact ATM IV, is 0.6873 (0.6854) on

average, for the un-constrained (constrained) regressions.11 The mean level mono-

tonically increases from 0.6445 (0.6413) to 0.7243 (0.7187), for less than 30 and more

than 360 days to maturity, respectively. Therefore, the term structure of the exact

ATM IV is usually in backwardation. Its standard deviation is 0.1338 (0.1356) over-

all and seems to decrease as maturity increases. This shows us that, on average, the

long-term projections of VXX volatility by option traders are higher than the short

term and that their long term volatility projections are more consistent throughout

the sample. This would be consistent with VXX option traders believing that ATM

10The maturity categories are based on the days to maturity of the contracts; therefore, for some
days there will be multiple maturities in one category.

11α0 = γ0 is an estimate of the exact ATM IV, whereas the market ATM IV is the IV where the
call and put prices are closest, that is, the closest available strike price to ATM.
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VXX volatility mean-reverts to some long-run level. The level coefficient is significant

at the 5% level for essentially 100% of IV curves. This can be expected, as the exact

ATM implied volatility would never be zero or negative.

Looking at the slope factor we can see that, on average and over all maturity

IV curves, the curves are upward sloping, as the overall mean γ1 is positive for the

unconstrained and constrained regressions. On average, as the maturity increases

the slope becomes less steep and even turns downward sloping for maturities over 360

days. The un-constrained (constrained) slope, γ1 goes from 0.0683 (0.0671) to -0.0030

(-0.0072), for less than 30 and more than 360 days to maturity curves respectively.

The term structure of the slope factor is, on average, in contango. The unscaled slope

coefficient is significant for 99.44% of IV curves, with less than 180 and only 79.81%

of IV curves with over 180 days to maturity.

The last quantified IV curve factor is the curvature, γ2. We can see that, on

average and for all maturities, it is positive, meaning the VXX IV curves are usually

convex. However, it is also very small in magnitude, so the convexity is not very

prominent. The overall average curvature factor is 0.0023 (0.0.0031) for the un-

constrained (constrained) regression. The unscaled curvature coefficient is significant

for 64.73% (67.95%) of the quantified curves overall. The proportion of quantified

IV curves with significant curvature coefficients decreases slightly for longer-maturity

categories. The magnitude of the mean curvature factor estimates increases with

maturity, meaning that as maturity increases the IV curves tend to become more

convex. The average curvature factor is 0.0006 (0.0005) for less than 180-day and

0.0072 (0.0104) for more than 180-day maturity curves.

Constraining the regressions to fit the ATM IV exactly results in a lower level,
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flatter and more convex quantified IV curves on average, overall and for most maturity

categories.

The reason both the slope and curvature become less significant and the r-squared

values become much lower for maturities over 180 days, as seen in tables 3 and 4, may

be that traders’ opinions on volatility are less reliable resulting in less consistently

shaped IV curves. The lower trading volume may also be indicative of less efficient

prices at longer maturities.

Figures 2, 3 and 4 show the IV curves, the trading volume of each contract and

the fitted line for the unconstrained regression on 27 July 2011, 2 August 2013 and

27 May 2015, respectively. Figures 5, 6 and 7 show the same information but for the

constrained quantified IV curves. We can see good examples of the usually upward-

sloping and almost linear curves at shorter maturities. As the maturity increases the

fitted lines become more convex, consistent with the mean results discussed above.

In figure 8 we show the average fitted IV curves, that is, the predicted curves

resulting from the mean factors presented in tables 3 and 4. We can clearly see the

pattern described above; as the maturity increases the IV curve’s slope decreases

and they become more convex. Most maturity average IV curves are upward-sloping

lines with some convexity, but the longer than 360 days to maturity lines look like

the IV smirk found in the S&P 500 options market. We can also see that when the

regressions are constrained to cross the ATM IV point, they become more smirked

(skewed to the left), this is most apparent in the line for maturities longer than 360

days.
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4.2 Constant maturity quantified IV curve

So far we have been examining the term structure of the VXX implied forward price

and IV curves using maturity categories. However, within each maturity category

there will often be multiple curves on a given day. To confirm the findings above,

we create constant maturity implied forward prices and IV curve factors. This allows

us to precisely study the term structure and time series of the variables covering the

same horizon of traders’ expectations.

To create constant maturity implied forward prices and IV curve factors, we in-

terpolate/extrapolate them to several target maturities as follows:

F τ = F τ1w1 + F τ2(1− w1), (11)

γτ0 = γτ10 w1 + γτ20 (1− w1), (12)

γτ1 = γτ11 w1 + γτ21 (1− w1), (13)

γτ2 = γτ12 w1 + γτ22 (1− w1), (14)

where

w =
τ − τ1
τ2 − τ1

,

the superscript τ denotes the desired maturity, τ1 is the closest (second closest) ma-

turity to the target from below and τ2 is the closest (closest) maturity to the target

from above (below), when interpolating (extrapolating). We interpolate when there

is a maturity either side of the target and extrapolate when the available maturities

are all shorter than the target maturity.

Table 5 presents the mean and standard deviation interpolated implied VXX

forward prices and level, slope and curvature unscaled coefficients and factors, for
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the un-constrained and constrained estimations. These are also presented graphically

in figure 9. From the table we confirm the previous result that, on average, the

implied VXX forward price is slightly decreasing as maturity increases. The average

constant maturity forward price goes from 26.60 to 26.35, for the 30- and 180-day

target maturity, respectively.12

In table 5 we can see that the exact ATM IV (level factor) term structure is

usually in contango. This is likely because the probability of a VXX volatility spike

becomes larger as the maturity increases, during normal times. The variation in the

exact ATM IV also decreases as time to maturity increases; this is indicative of VXX

option traders believing that VXX volatility mean-reverts.

The table also shows that the term structure of the slope factor is in contango

and the variation in the slope factor is similar for all maturities. Lastly, we can see

that the curvature factor’s term structure is almost flat and that the factor is very

close to zero. This is because we are only looking at maturities up to 180 days. From

our previous results we would expect that for maturities longer than 180 days, the

IV curves will be more convex.

We also want to study the time series of the ATM IV, forward prices and IV

curve factors. We present the time series of 30- and 180-day constant maturity ATM

IV and forward prices in figure 10. Then we present the time series of the 30- and

180-day constant maturity level, slope and curvature factors in figures 11 and 12 for

the un-constrained and constrained estimations, respectively.

From figure 10 we can see that the ATM IV varies throughout time in a mean-

12For the interpolated forward price and curve factors we only interpolate up to 180 day maturity
because the data are often scarce and longer maturity and extrapolating further would lead to
conclusions about longer maturities drawn from data on shorter maturity contracts.
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reverting fashion. Referring to the difference between the 180- and 30-day ATM IV

we can see that most of the time its term structure is in backwardation, although

there are times when it is in contango. Examining the time series of the 30- and

180-day implied forward prices we can see that they vary significantly often spiking

very quickly. We can also see that the term structure of implied forward prices is

usually almost flat, with some periods of strong contango and backwardation.

Turning to the time series of the IV curve factors in figures 11 and 12, we can

firstly see that the exact ATM IV (level factor) is also mean-reverting with a usually

backwarded term structure, with times of contango. Secondly, we can see that the

slope factor also seems to mean-revert with a usually contango term structure, oc-

casionally going into backwardation. Lastly, looking at the curvature factor we can

see that it is usually very small in magnitude for the 30- or 180-day maturity. There

are also days where the curvature becomes very negative or positive, resulting in ab-

normally concave or convex curves, respectively. Looking at the difference between

the 30 and 180 day curvature factor, it is usually close to zero, indicating a flat term

structure, with some spikes.

Figure 13 shows the predicted IV curves using the mean of the interpolated factors.

We can see a similar picture as in figure 8; as maturity increases the slope decreases

and the curves become more convex. The convexity at longer maturity is not as

obvious as in section 4.1 because we cannot estimate longer constant maturity curve

factors, where the convexity would really become apparent, due to a lack of reliable

data.

The time series observations are consistent with what we found, on average, in

prior discussions. Further studying what drives the time variation in the VXX’s
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implied forward price and IV curve factor and their term structures is of interest for

future research.

5 Conclusions

In this paper we document the empirical characteristics of the VXX options market

as a starting place for developing a realistic VXX option pricing model. We follow

the methodology developed by Zhang and Xiang (2008) in order to quantify the IV

curve of VXX options, through quadratic polynomial regressions. The IV curve is

quantified through three factors - the level (exact ATM IV), slope and curvature

- which we compute daily and for different maturities over a six year sample. We

extend the methodology of Zhang and Xiang (2008) by estimating constant maturity

factors, which allows us to study the time-series and term structure dynamics of the

VXX IV concisely. We quantify the IV curves with and without a constraint that the

curve has to pass through the ATM IV, resulting in a very similar average shape.

We find that the implied VXX forward price term structure is usually in back-

wardation with a kink (initially decreasing then slightly increasing with maturity).

We also show that the average exact ATM IV (level factor) increases with maturity

and estimates become less variable with longer maturities. Which could be explained

by traders expecting VXX volatility to mean-revert. The IV curves are also usually

significantly upward sloping, although as the maturity increases they becomes less

steep and even downward sloping. The IV curves are slightly convex, on average, and

become more convex as the maturity increases.

We study the time series of the short end of the term structure (less than 180

days). We show that the level and slope factors seem to mean-revert through time,
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while the curvature does not follow an easily observed pattern. Although the level’s

(slope’s) term structure is usually in backwardation (contango), there are times when

it goes into contango (backwardation). The shorter maturity end of the curvature’s

term structure is usually almost flat, with some short-lived moments of backwardation

or contango. Studying the drivers of the periodic shifts in the term structures is left

for future research.

Our quantification of the VXX IV describes almost all the information contained in

VXX option prices and can therefore be used when developing a VXX option pricing

model. The quantified VXX IV factors could also be converted to estimates of the

VXX’s risk-neutral moments, which can then be used to calibrate new VXX option

pricing models. We could use our quantified VXX IV factors to try to predict the

VXX’s returns or relate them to market and economic factors to further understand

what drives this market’s dynamics. These extensions of the current work are left for

future research.
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Table 3: Summary of implied volatility function estimation. This table shows
summary statistics of the estimated implied volatility function:

IV (ξ) = αo + α1ξ + α2ξ
2

where IV is the implied volatility and ξ is the moneyness of the option. The regression
is fitted separately each day and for each maturity. To estimate we minimize the
volume-weighted squared errors. Here, â0, â1 and â2 are the unscaled level, slope
and curvature coefficients, respectively. The mean, median and standard deviation
values are calculated overall and by maturity categorya. The percentage of significant
parameter estimates is the percentage of parameter estimates that are significant at
the 5% level of significance over the entire sample, in each maturity category. The
mean volume is calculated as the mean of the daily sum of the trading volume for
each maturity, either overall or by the maturity category grouping. The volume in
this table is different than in table 2 because it includes only the OTM options used to
create the implied volatility curves. We also present the mean and standard deviation
of the forward price overall and by maturity category.

Overall By Maturity (days)

< 30 30− 90 90− 180 180− 360 > 360 < 180 > 180

Mean
FTi,t 26.2128 26.4525 26.2454 25.6720 26.3190 26.2624 26.1846 26.2911
â0 0.6873 0.6445 0.6847 0.7134 0.7077 0.7243 0.6770 0.7159
â1 0.0998 0.1322 0.1298 0.1010 0.0683 −0.0032 0.1239 0.0330
â2 0.0034 0.0034 −0.0010 0.0005 0.0038 0.0169 0.0009 0.0102
γ0 0.6873 0.6445 0.6847 0.7134 0.7077 0.7243 0.6770 0.7159
γ1 0.0683 0.0872 0.0900 0.0723 0.0478 −0.0030 0.0848 0.0227
γ2 0.0023 0.0023 −0.0007 0.0003 0.0025 0.0119 0.0006 0.0072

Standard deviation
FTi,t 9.9458 9.6291 9.3908 9.8575 10.6165 11.1207 9.5925 10.8666
â0 0.1338 0.1807 0.1346 0.0988 0.0808 0.0595 0.1486 0.0716
â1 0.0627 0.0358 0.0409 0.0395 0.0430 0.0627 0.0408 0.0644
â2 0.0247 0.0108 0.0140 0.0159 0.0226 0.0538 0.0136 0.0416
γ0 0.1338 0.1807 0.1346 0.0988 0.0808 0.0595 0.1486 0.0716
γ1 0.0500 0.0423 0.0398 0.0330 0.0308 0.0462 0.0399 0.0467
γ2 0.0185 0.0082 0.0106 0.0123 0.0173 0.0400 0.0103 0.0310

% significant coefficients
â0 99.99% 99.97% 100.00% 100.00% 100.00% 100.00% 99.99% 100.00%
â1 94.23% 99.53% 99.75% 98.76% 90.98% 68.34% 99.44% 79.81%
â2 64.73% 73.58% 69.07% 61.67% 50.98% 55.07% 68.96% 53.00%

Daily R-Squared
mean R2 94.55% 98.98% 98.88% 97.07% 91.20% 75.91% 98.49% 83.65%
std. dev. R2 13.79% 2.65% 3.23% 8.17% 15.83% 24.91% 4.80% 22.17%

Daily trading volume
mean Volume 14,296 29,529 16,114 5,391 3,065 2,569 18,435 2,820

aThere can be more than one expiry in the same maturity category on any given day.
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Table 4: Summary of implied volatility function ATM constrained estima-
tion. This table shows summary statistics of the estimated implied volatility function:

IV (ξ) = αo + α1ξ + α2ξ
2,

when it is forced to pass through the point at-the-money. Here, IV is the implied
volatility and ξ is the moneyness of the option. The regression is fitted separately each
day and for each maturity. To estimate we minimize the volume-weighted squared
errors. Here, â0, â1 and â2 are the unscaled level, slope and curvature coefficients,
respectively. The mean, median and standard deviation values are calculated overall
and by maturity categorya. The percentage of significant parameter estimates is the
percentage of parameter estimates that are significant at the 5% level of significance
over the entire sample, in each maturity category. The mean daily trading volume
is calculated as the mean of the daily sum of the trading volume for each maturity
category. The volume in this table is different than in table 2 because it includes only
the OTM options used to create the implied volatility curves. We also present the
mean and standard deviation of the forward price for each maturity category.

Overall By Maturity (days)

< 30 30− 90 90− 180 180− 360 > 360 < 180 > 180

Mean
FTi,t 26.2128 26.4525 26.2454 25.6720 26.3190 26.2624 26.1846 26.2911
â0 0.6854 0.6413 0.6848 0.7123 0.7064 0.7187 0.6756 0.7125
â1 0.0982 0.1322 0.1293 0.0993 0.0654 −0.0091 0.1233 0.0286
â2 0.0049 0.0035 −0.0012 0.0015 0.0061 0.0248 0.0011 0.0153
γ0 0.6854 0.6413 0.6848 0.7123 0.7064 0.7187 0.6756 0.7125
γ1 0.0671 0.0868 0.0897 0.0710 0.0457 −0.0072 0.0842 0.0196
γ2 0.0031 0.0022 −0.0011 0.0008 0.0040 0.0168 0.0005 0.0104

Standard deviation
FTi,t 9.9458 9.6291 9.3908 9.8575 10.6165 11.1207 9.5925 10.8666
â0 0.1356 0.1827 0.1358 0.1005 0.0824 0.0663 0.1504 0.0751
â1 0.0673 0.0368 0.0416 0.0414 0.0473 0.0789 0.0421 0.0748
â2 0.0388 0.0128 0.0167 0.0237 0.0382 0.0882 0.0176 0.0683
γ0 0.1356 0.1827 0.1358 0.1005 0.0824 0.0663 0.1504 0.0751
γ1 0.0530 0.0428 0.0402 0.0342 0.0342 0.0583 0.0405 0.0545
γ2 0.0291 0.0102 0.0129 0.0192 0.0300 0.0652 0.0139 0.0509

% significant parameters
â1 92.67% 99.47% 99.69% 97.78% 84.89% 64.16% 99.16% 74.66%
â2 67.95% 73.94% 67.83% 64.41% 59.88% 69.05% 69.23% 64.41%

Daily R-Squared
mean R2 92.78% 98.51% 97.84% 94.51% 86.14% 74.20% 97.30% 80.25%
std. dev. R2 15.40% 3.44% 5.32% 11.04% 20.81% 24.49% 6.85% 23.47%

Daily trading volume
mean Volume 14,296 29,529 16,114 5,391 3,065 2,569 18,435 2,820

aThere can be more than one expiry in the same maturity category on any given day.



The implied volatility smirk in the VXX options market 26

Table 5: Interpolated Term structure. This table presents the mean and standard
deviation of the interpolated implied forward price and the implied volatility curve
factors by maturity. The statistics for the implied forward price, unconstrained and
constrained IV curve factors are presented in panels A, B and C, respectively.

Maturity (days)

30 60 90 120 150 180

Panel A: Implied Forward Price

Mean
F τ 26.5956 26.5433 26.5135 26.4586 26.4046 26.3488

Standard Deviation
F τ 9.7797 9.7615 9.7592 9.7457 9.7470 9.8518

Panel B: IV regression

Mean
ατ0 0.6768 0.6954 0.7042 0.7096 0.7130 0.7148
ατ1 0.1285 0.1212 0.1119 0.1028 0.0928 0.0823
ατ2 0.0013 −0.0011 −0.0005 0.0002 0.0010 0.0020
γτ0 0.6768 0.6954 0.7042 0.7096 0.7130 0.7148
γτ1 0.0879 0.0849 0.0791 0.0730 0.0660 0.0585
γτ2 0.0010 −0.0007 −0.0003 0.0002 0.0007 0.0014

Standard Deviation
ατ0 0.1475 0.1199 0.1047 0.0955 0.0899 0.0853
ατ1 0.0379 0.0388 0.0378 0.0380 0.0392 0.0406
ατ2 0.0115 0.0115 0.0113 0.0127 0.0155 0.0202
γτ0 0.1475 0.1199 0.1047 0.0955 0.0899 0.0853
γτ1 0.0375 0.0354 0.0323 0.0310 0.0308 0.0306
γτ2 0.0091 0.0090 0.0088 0.0101 0.0121 0.0159

Panel C: Constrained IV regression

Mean
ατ0 0.6761 0.6953 0.7036 0.7089 0.7121 0.7138
ατ1 0.1286 0.1208 0.1109 0.1013 0.0909 0.0798
ατ2 0.0009 −0.0014 −0.0002 0.0011 0.0024 0.0038
γτ0 0.6761 0.6953 0.7036 0.7089 0.7121 0.7138
γτ1 0.0878 0.0847 0.0784 0.0718 0.0646 0.0566
γτ2 0.0006 −0.0011 −0.0003 0.0007 0.0015 0.0024

Standard Deviation
ατ0 0.1483 0.1211 0.1061 0.0966 0.0910 0.0865
ατ1 0.0387 0.0393 0.0387 0.0393 0.0409 0.0430
ατ2 0.0137 0.0138 0.0147 0.0181 0.0241 0.0332
γτ0 0.1483 0.1211 0.1061 0.0966 0.0910 0.0865
γτ1 0.0376 0.0358 0.0328 0.0317 0.0320 0.0325
γτ2 0.0106 0.0109 0.0116 0.0152 0.0191 0.0263
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Figure 1: Option Volume and Open Interest. This figure shows the 10-day
moving average of the daily trading volume and open interest of the VIX, VXX,
VXZ, UVXY, SVXY, VIXM and VIXY option markets.
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Figure 2: IV against moneyness on 27 July 2011. This figure plots the IV of
VXX options against the moneyness for different maturities as at the close of 27 July
2011. The circles are computed from market prices of out-of-the-money calls and
puts. The solid line is the fitted quantified IV curve. The bar chart is the trading
volume for the corresponding options traded on 27 July 2011.
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Figure 3: IV against moneyness on 2 August 2013. This figure plots the IV
of VXX options against the moneyness for different maturities as at the close of 2
August 2013. The circles are computed from market prices of out-of-the-money calls
and puts. The solid line is the fitted quantified IV curve. The bar chart is the trading
volume for the corresponding options traded on 2 August 2013.
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Figure 4: IV against moneyness on 27 May 2015. This figure plots the IV of
VXX options against the moneyness for different maturities as at the close of 27 May
2015. The circles are computed from market prices of out-of-the-money calls and
puts. The solid line is the fitted quantified IV curve. The bar chart is the trading
volume for the corresponding options traded on 27 May 2015.
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Figure 5: IV against moneyness on 29 July 2011: with restraint This figure
plots the IV of VXX options against the moneyness for different maturities as at the
close on 29 July 2011. The circles are computed from market prices of out-of-the-
money calls and puts. The solid line is the fitted quantified IV curve. The bar chart
is the trading volume for the corresponding options traded on 29 July 2011.
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Figure 6: IV against moneyness on 2 August 2013: with restraint This figure
plots the IV of VXX options against the moneyness for different maturities as at the
close on 2 August 2013. The circles are computed from market prices of out-of-the-
money calls and puts. The solid line is the fitted quantified IV curve. The bar chart
is the trading volume for the corresponding options traded on 2 August 2013.
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Figure 7: IV against moneyness on 27 May 2015: with restraint This figure
plots the IV of VXX options against the moneyness for different maturities as at the
close on 27 May 2015. The circles are computed from market prices of out-of-the-
money calls and puts. The solid line is the fitted quantified IV curve. The bar chart
is the trading volume for the corresponding options traded on 27 May 2015.
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Figure 8: IV curves from mean coefficients. This figure shows the IV curves
predicted by the mean factors (level, slope and curvature) for different maturity cat-
egories. The top plot shows this for the unconstrained while the bottom plot shows
it for the constrained, regression.
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Figure 10: Time series of Interpolated ATM IV and forward prices. This
figure presents the time series of the interpolated ATM IV and forward prices for the
30 day and 180 day maturities (left) and their differences (right).
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Figure 11: Time series of interpolated IV factors. This figure shows the time
series of the 30 and 180 day interpolated constant maturity level, slope and curvature
(left) factors and the difference between the 180 day and 30 day (right).
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Figure 12: Time series of Interpolated coefficients: constrained. This figure
shows the time series of the 30 and 180 day interpolated constant maturity level,
slope and curvature (left) factors and the difference between the 180 day and 30 day
(right), when the fitted curve is forced to cross the point of ATM IV.
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Figure 13: IV curves from mean interpolated coefficients. This figure shows
the IV curves predicted by the mean interpolated factors (level, slope and curvature)
for different maturities. The top plot shows this for the unconstrained while the
bottom plot shows it for the constrained regression.


