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Option Pricing under Gram-Charlier Density

Abstract

This paper is the first to present an option pricing formula under Gram-Charlier density
of arbitrary order with the analytic and explicit expression for the probabilities that op-
tions will be exercised under share measure and risk-neutral measure (namely, Π1 and Π2,
respectively). We demonstrate the hedging ratio (i.e., ∆) of the option pricing formula
under Gram-Charlier density, is equal to Π1, as well as the equivalence between our for-
mula and the previous derivations. Furthermore, we investigate the relationship between
the cumulants with Gram-Charlier density under share measure and risk-neutral measure.

Keywords: Gram-Charlier density; Hermite polynomials; Option pricing; Cumulants
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1 Introduction

This paper is the first to present an option pricing formula under Gram-Charlier density of

arbitrary order with the analytic and explicit expression for the probabilities that options

will be exercised under share measure and risk-neutral measure. The Gram-Charlier

density applied in option pricing is able to extend the normally distributed return in the

Black and Scholes (1973) model to include higher order cumulants, which are related to

the parameters implied by the Gram-Charlier density. The majority of existing literature

is restricted to truncating the series expansion until the fourth moment or cumulant, and

following the Longstaff’s (1995) martingale restriction, Kochard (1999), Schlögl (2013),

Aschakulporn (2022), and Aschakulporn and Zhang (2022) propose an option pricing

formula with the untruncated Gram-Charlier series expansion; however, the probabilities

that options will be exercised under share measure and risk-neutral measure are hidden

in their representations rather than intuitively given as in Bakshi and Madan’s (2000)

formula, while the latter is not analytic due to the existence of integral and complex

number. By investigating the properties of Hermite polynomials, we develop an analytic

and explicit expression, and thereby derive the hedging ratio under Gram-Charlier density

and discover the relationship between the cumulants with Gram-Charlier density under

different measures.

The Gram-Charlier series expansion was established at the beginning of the 19th cen-

tury, and since then, has been commonly employed in a variety of fields, such as statistics,

mathematics, physics, and finance. The applications of Gram-Charlier densities in finance

mainly focus on asset or option pricing by modelling risk-neutral asset price distributions.

The dominant reasons that the Gram-Charlier density has been widely used in option

pricing are because: it is an extension of the normal density where the skewness and

excess kurtosis that directly appear as parametrical coefficients; non-normal skewness

and kurtosis of the underlying asset significantly contribute to the phenomenon of the

volatility smile, and the impact of any order cumulant on implied volatility curve can
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be directly observed; compared with other more advanced option pricing models (such

as affine jump-diffusion model), the Gram-Charlier density can give us a parsimonious

option pricing formula with arbitrary level of truncation. The option pricing framework

pioneered in Black and Scholes (1973) and Merton (1973) is a pillar of modern finance the-

ory. The Gram-Charlier-type expansions in early studies of empirical finance have been

used as a semi-nonparametric device to overcome the restriction imposed by the usual

normality assumption. Jarrow and Rudd (1982) are the first to develop a density expan-

sion approach to option pricing by nesting the Black and Scholes (1973) model within an

integrated Gram-Charlier series expansion of a log-normal density, and they show how a

given stochastic process of an underlying security can be approximated by an arbitrary

distribution in terms of a series expansion involving second and higher moments. Simi-

lar to Jarrow and Rudd (1982), Corrado and Su (1996) derive an option pricing formula

that nests the Black and Scholes (1973) model within an integrated Gram–Charlier series

expansion of a normal density, which is used in empirical specification tests of the Black

and Scholes (1973) model. Due to the non-standard definition of the Hermite polynomial,

there exists an error in Corrado and Su (1996) and is later corrected by Brown and Robin-

son (2002). Madan and Milne (1994) develop an expansion to approximate a risk-neutral

density function, and Abken, Madan, and Ramamurtie (1996) implement this expansion

to estimate risk factors embedded in observed option prices. Under the Gram–Charlier op-

tion pricing framework, Ané (1999) and Jondeau and Rockinger (2001) adapt the method-

ology of Madan and Milne (1994) to empirical tests involving S&P 500 index options and

Franc/Mark exchange rate options, respectively. Longstaff (1995) finds martingale vio-

lations in S&P 100 index option prices using a pricing model based on a Gram–Charlier

expansion of a normal density function. Kochard (1999), Knight and Satchell (2001),

and Backus, Foresi, and Wu (2004) propose a method to impose a martingale restric-

tion on the formula of Corrado and Su (1996). Jurczenko, Maillet, and Negréa (2004)

provide a broad overview of the Gram–Charlier density expansion approach to option
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valuation along with several key extensions. Ki et al. (2005) construct a flexible option

pricing model based on a mixture of Gram–Charlier density expansions. Corrado (2007)

focuses on a method to impose a martingale restriction in an option pricing model devel-

oped from the Gram–Charlier density expansion. Tamaki and Taniguchi (2007) link the

Gram–Charlier density expansion approach to time series moment estimates. Tanaka, Ya-

mada, and Watanabe (2010) use the Gram-Charlier expansion under one forward measure

rather than many forward measures and obtain approximate solutions for a larger class of

interest-rate- and credit-risk-contingent claims. Schlögl (2013) introduces the techniques

used for option pricing where the standardised distribution of the logarithmic price of the

underlying asset is given by a full Gram-Charlier Type A series expansion. Lin, Huang,

and Li (2015) develop a truncated Gram–Charlier expansion option pricing model and

find it overall performs the best when compared to four prevalent option pricing models.

Chateau and Dufresne (2017) show how Gram-Charlier distributions can be simulated,

opening up the use of Monte-Carlo methods for pricing vanilla and exotic options. As-

chakulporn and Zhang (2022) examine the Bakshi, Kapadia, and Madan (2003) (BKM)

risk-neutral estimators with explicit skewness and kurtosis as both the input and bench-

mark and finds the condition of strike prices required to bound the errors of skewness.

Nevertheless, there is a considerable body of literature restricted to truncating the se-

ries expansion until the fourth order. As a polynomial approximation, once it is truncated,

Gram-Charlier density may not always be valid (i.e., strictly nonnegative) for all values

of its parameters in the parametric space. Without keeping the positivity of a truncating

Gram-Charlier density, there might be inconsistencies among option prices. To over-

come the shortcoming, Barton and Dennis (1952) obtain the conditions on parameters to

guarantee positive definiteness of the underlying densities through a numerical method.

Jondeau and Rockinger (2001) build on the work of Barton and Dennis (1952) and in-

dicate how it is numerically possible to restrict parameters. Kwon (2022) is the first to

establish a direct relationship between the skewness and kurtosis, and gives an analytical
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expression on the polynomial equations to determine the positive definite and unimodal

regions for Gram-Charlier density. Lin and Zhang (2022) focus on Gram–Charlier den-

sities to show how the valid region of higher moments or cumulants can be numerically

implemented by semidefinite programming, which ensures that a series truncated at a

cumulant of an arbitrary even order represents a valid probability density. Lin, Shen, and

Zhang (2023) further explore into the same problem.

In this paper, the primary contribution is that we develop a new form of option pricing

formula under Gram-Charlier density of arbitrary order, where the probabilities that

options will be exercised under share measure and risk-neutral measure (namely, Π1 and

Π2, respectively) can be expressed both analytically and explicitly. Compared with other

option pricing formulas using the untruncated Gram-Charlier series expansion presented

in previous literature, such as Kochard (1999), Schlögl (2013), Aschakulporn (2022), and

Aschakulporn and Zhang (2022), Π1 and Π2 can be intuitively given in our formula instead

of being hidden; compared with Bakshi and Madan’s (2000) formula, we specify the

characteristic function under Gram-Charlier density, and the advantage of our formula

is its analytic expression, which is derived by investigating the properties of Hermite

polynomials. The second contribution in this paper is we find that the hedging ratio,

∆GC , of the option pricing formula under Gram-Charlier density, is equal to Π1. In

addition, we demonstrate the equivalence between the Bakshi and Madan’s (2000) formula

and our formula (as well as the other formulas with arbitrary truncation level mentioned

above). Finally, to help users have a deeper understanding of the share measure, we

further investigate the relationship between the cumulants with Gram-Charlier density

under share measure and risk-neutral measure.

The remainder of this paper is organized as follows. Section 2 provides some necessary

mathematical foundations of Gram-Charlier density and introduces some useful properties

of Hermite polynomials. In Section 3, we present three different forms of option pricing

formulas under Gram-Charlier density of arbitrary order and demonstrate their equiva-
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lence, and also derive the hedging ratio of the option pricing formula under Gram-Charlier

density. In Section 4, we further investigate the cumulants with Gram-Charlier density

under share measure and risk-neutral measure. Conclusions are offered in Section 5. The

appendix gives the details of key derivations.

2 Mathematical Background

2.1 The Gram-Charlier Density

The Gram-Charlier series can be applied in option pricing by using the densities to extend

the normally distributed return in the Black and Scholes (1973) model to include higher-

order cumulants. The full (i.e. untruncated) Gram-Charlier series expansion allows the

user to choose an arbitrary level of truncation. We start by introducing the mathematical

definitions and notations of the Gram-Charlier density.

Definition 1. f(y) is defined to be the probability density function of the random variable

Y . Under sufficient conditions (given by Cramér (1926)): (i)f ′(y) exists and is continu-

ous, (ii)lim|y|→+∞ f(y) = 0 and (iii)
∫+∞

−∞ [f ′(y)]2 exp [(1/2) · y2] dy is finite, the probability

density of Y can be expressed as the following full Gram-Charlier series expansion

f(y) =
+∞∑
k=0

ρk

k! Hek(y)ϕ(y)

=
+∞∑
k=0

ρk

k!
(−1)k

ϕ(y)
dk [ϕ(y)]

dyk
ϕ(y)

=
+∞∑
k=0

ρk

k! (−1)kϕ(k)(y),

(1)

where k! is the factorial of k, ϕ(y) = 1√
2π

exp
(
−y2

2

)
is the standard normal density func-

tion, Hek(y) is the k-th order Hermite polynomial defined by Hek(y) ≡ (−1)k ϕ(k)(y)
ϕ(y) , and

ρk is the coefficient.
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Higher order Hermite polynomials can be obtained recursively using

Hek(y) = yHek−1(y) − (k − 1)Hek−2(y).

Expressions of Hermite polynomials up to the order of 6 are given as examples here

He0(y) = 1,

He1(y) = y,

He2(y) = y2 − 1,

He3(y) = y3 − 3y,

He4(y) = y4 − 6y2 + 3,

He5(y) = y5 − 10y3 + 15y,

He6(y) = y6 − 15y4 + 45y2 − 15.

The coefficients, ρk, in Equation (1) are derived from the following orthogonality

property of Hermite polynomials

∫ +∞

−∞
Hek(y)Hej(y)ϕ(y)dy =


k!, k = j

0, k ̸= j
.

Multiplying both sides of the first line in Equation (1) by Hek(y) and integrating over

all y yields ∫ +∞

−∞
Hek(y)f(y)dy =

∫ +∞

−∞
Hek(y)

+∞∑
j=0

ρj

j! Hej(y)ϕ(y)
 dy

=
∫ +∞

−∞

ρk

k! Hek(y)Hek(y)ϕ(y)dy

= ρk.

(2)
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The coefficients ρk through k = 6 for some standardized random variable are

ρ0 = 1,

ρ1 = 0,

ρ2 = 0,

ρ3 = µ3 = κ3,

ρ4 = µ4 − 3 = κ4,

ρ5 = µ5 − 10µ3 = κ5,

ρ6 = µ6 − 15µ4 + 30 = κ6 + 10κ2
3,

where µk denotes the k-th moment about the mean (i.e., the k-th central moment), and

κk denotes the k-th cumulant. 1

Hence, the resulting n-th order approximation to a density function is

f(y) =
n∑

k=0

ρk

k! Hek(y)ϕ(y) =
[
1 +

n∑
k=3

ρk

k! Hek(y)
]

ϕ(y).

2.2 Hermite Polynomials

Before constructing the models of stock price and option price under Gram-Charlier den-

sity, it is necessary to introduce some important properties of Hermite polynomials.

Lemma 1. The summation form of Hermite polynomial is given by

Hek(y) =
⌊ k

2 ⌋∑
m=0

C2m
k (−1)m(2m − 1)!!yk−2m =

⌊ k
2 ⌋∑

m=0

k!
2km!(k − 2m)!(−1)myk−2m, (3)

where Hek(y) is the k-th order Hermite polynomial, C2m
k = k!

(2m)!(k−2m)! is a combinatorial

number, ⌊·⌋ means the floor function of “·” (i.e., the largest integer that is less than or

equal to “·”), (·)! and (·)!! are the factorial and double factorial of “·”, respectively.

1 For the standardized random variable Y , the relationship between the coefficient ρk and the k-th
central moment µk is given by Equation (2) with µk = E(Y k). The relationship between ρk and the k-th
cumulant κk can be obtained by using the cumulant generating function, and the detailed derivations
will be provided in Section 4.
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Proof. See Appendix A.

Lemma 2. The integral form of Hermite polynomial is given by

Hek(y) =
∫ +∞

−∞
(it + y)kϕ(t)dt, (4)

where Hek(y) is the k-th order Hermite polynomial, i is the imaginary unit with i2 = −1,

and ϕ(t) = 1√
2π

exp
(
− t2

2

)
is the standard normal density function.

Proof. See Appendix B.

Remark 1. Equation (3) and (4) are two different forms of Hermite polynomials. Since

we need the result of Lemma 1 to prove Lemma 2, and Lemma 2 will be used frequently

in the later proofs of this paper, we give our own proofs here.

Lemma 3. A useful formula to transform the increment in Hermite polynomial is given

by

Hek(y + ∆y) =
k∑

m=0
(∆y)mCm

k Hek−m(y). (5)

Proof. See Appendix C.

Remark 2. Since there exist two forms of binomial expansion

(a + b)n =
n∑

m=0
Cm

n ambn−m =
n∑

m=0
Cm

n an−mbm,

Equation (5) can also be written as

Hek(y + ∆y) =
k∑

m=0
(∆y)k−mCm

k Hem(y).

Remark 3. Our Lemma 3 is consistent with Lemma 5.7 in Aschakulporn (2022), but we

present our own proof here.
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Lemma 4. Another useful formula to transform the negative sign in Hermite polynomial

is given by

Hek(−y) = (−1)kHek(y). (6)

Proof. See Appendix D.

Lemma 5. Taking the derivative of Hermite polynomial gives

d

dy
Hek(y) = kHek−1(y). (7)

Proof. See Appendix E.

Remark 4. Our Lemma 5 is consistent with Lemma 5.3 in Aschakulporn (2022), but we

present our own proof here. The sequence that satisfies Equation (7) is called an Appell

sequence.

3 Option Price under Gram-Charlier Density

3.1 Stock Price under Gram-Charlier Density

The difference between the stock price model with the normal density and the Gram-

Charlier density is whether the convexity adjustment term equals zero or not. By following

the definition of the stock price under Gram-Charlier density in Zhang and Xiang (2008),

we specify the underlying stock price at maturity in Definition 2.

Definition 2. In a risk-neutral world, the underlying stock price at maturity is modelled

by
ST = Ste

(µc+r− 1
2 σ2)τ+σ

√
τY

= F T
t e(µc− 1

2 σ2)τ+σ
√

τY ,

(8)
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where St is the current underlying stock price at time t, µc is the convexity adjustment

term, r is the risk-free interest rate, σ is the volatility, τ = T − t is the time to maturity,

F T
t = Ste

rτ is the forward price at time t, and Y is a standardized random variable with

the density function f(y) =
[
1 +∑n

k=3
ρk

k! Hek(y)
]

ϕ(y).

In the no-arbitrage risk-neutral valuation framework, there exists the martingale re-

striction (i.e., the martingale condition) proposed by Longstaff (1995) and Backus, Foresi,

and Wu (2004) that need to be required.

Lemma 6. The martingale condition in risk-neutral probability measure, EQ
t [ST ] = F T

t ,

determines the convexity adjustment term, given by

µc = −1
τ

ln
[
1 +

n∑
k=3

ρk

k! (σ
√

τ)k

]
. (9)

Proof. See Appendix F.

Remark 5. If Y is normally distributed, then ρk = 0, for k = 3, 4, ..., n and µc = 0,

Equation (8) degenerates to the Black and Scholes (1973) model.

Following the stock price under Gram-Charlier density defined by Equation (8), the

price of a European call option under Gram-Charlier density can be calculated with the

Harrison and Kreps (1979) and Harrison and Pliska (1981) risk-neutral valuation formula.

Based on this valuation formula, it is possible to generate different forms of the option

pricing formula under Gram-Charlier density using different methods. One way is to

apply the properties of Hermite polynomials and combinatorial numbers, while the other

is to implement inverse Fourier transformations.

3.2 The Option Pricing Formula under Gram-Charlier Density

Kochard (1999) first propose an option pricing formula with the untruncated Gram-

Charlier series expansion, which can be regarded as a generalization of Black and Sc-
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holes (1973) formula. Later on, Schlögl (2013), Aschakulporn (2022), and Aschakulporn

and Zhang (2022) present results that consistent with Kochard’s (1999) formula. Al-

though Kochard (1999) and Schlögl (2013) do not further simplify their final expressions,

and Schlögl (2013) does not clarify the link between cumulants and coefficients of the

Gram-Charlier density clearly, their option pricing formulas are essentially the same as

Aschakulporn’s (2022) result. The option pricing formula under Gram-Charlier density

in Aschakulporn (2022) is given by

cGC
t = F T

t e−rτ N(d1) − Ke−rτ N(d2)

− Ke−rτ ϕ(d2)
n∑

k=3

[
ρk

k! (−1)k
k−1∑
m=1

Cm−1
k−1 (−σ

√
τ)mHek−m−1(d2 + σ

√
τ)
]

,
(10)

where

d2 =
ln F T

t

K
+
(
µc − 1

2σ2
)

τ

σ
√

τ
, d1 = d2 + σ

√
τ ,

F T
t = Ste

rτ is the forward price at time t, K is the strike price, µc is the convexity

adjustment term given in Lemma 6, r is the risk-free interest rate, σ is the volatility,

τ = T − t is the time to maturity, N(·) is the cumulative distribution function of some

standard normal random variable, and ϕ(·) is the probability density function of some

standard normal random variable.

The proof of Equation (10) is consistent with the proof of Proposition 5.4 in As-

chakulporn (2022). By investigating the properties of combinatorial numbers and Hermite

polynomials, we are able to simplify Equation (10).

Lemma 7. The formula of the price of a European call option under Gram-Charlier

density proposed by Aschakulporn (2022) can be simplified as below

cGC
t = F T

t e−rτ N(d1) − Ke−rτ N(d2) − Ke−rτ ϕ(d2)
n∑

k=3

[
ρk

k! (−1)k
k−1∑
m=1

(−σ
√

τ)mHek−m−1(d2)
]

.

(11)

Proof. See Appendix G.
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According to Bakshi and Madan (2000), the option pricing formula can be written as a

two-term form containing “Π1” and “Π2”. The probabilities that options will be exercised

under share measure and risk-neutral measure (namely, Π1 and Π2, respectively) can be

intuitively given in this form explains the popularity of this structure. Following the

previous derivation, we are able to present a new form of option pricing formula under

Gram-Charlier density of arbitrary order, where Π1 and Π2 can be explicitly expressed as

well.

Proposition 1. The price of a European call option under Gram-Charlier density can be

computed with Harrison and Kreps (1979) and Harrison and Pliska (1981) risk-neutral

valuation formula, given by

cGC
t = F T

t e−rτ Π1 − Ke−rτ Π2, (12)

where

Π1 = N(d1) + eµcτ ϕ(d1)
n∑

k=3

ρk

k!

[
k∑

h=1
Ch

k Heh−1(−d1)
(
σ

√
τ
)k−h

]
,

Π2 = N(d2) + ϕ(d2)
n∑

k=3

[
ρk

k! Hek−1(−d2)
]

,

d2 =
ln F T

t

K
+
(
µc − 1

2σ2
)

τ

σ
√

τ
, d1 = d2 + σ

√
τ ,

F T
t = Ste

rτ is the forward price at time t, K is the strike price, µc is the convexity

adjustment term given in Lemma 6, r is the risk-free interest rate, σ is the volatility,

τ = T − t is the time to maturity, N(·) is the cumulative distribution function of some

standard normal random variable, and ϕ(·) is the probability density function of some

standard normal random variable.

Proof. See Appendix H.

Remark 6. Our Proposition 1 presents a new form of option pricing formula under

Gram-Charlier density of arbitrary order, which is equivalent to the previous three-term’s



Option Pricing under Gram-Charlier Density 13

formula proposed by Kochard (1999), Schlögl (2013), and Aschakulporn (2022). In order

to implement this proof, the introduction of another form of option pricing formula under

Gram-Charlier density is indispensable, and therefore we will show the equivalence later

in Section 3.5.

3.3 Delta of the Option Pricing Formula under Gram-Charlier

Density

Lemma 8. A useful identity involved in option pricing under Gram-Charlier density is

given by

F T
t e−rτ ∂Π1

∂St

− Ke−rτ ∂Π2

∂St

= 0, (13)

where

Π1 = N(d1) + eµcτ ϕ(d1)
n∑

k=3

ρk

k!

[
k∑

h=1
Ch

k Heh−1(−d1)
(
σ

√
τ
)k−h

]
,

Π2 = N(d2) + ϕ(d2)
n∑

k=3

[
ρk

k! Hek−1(−d2)
]

,

d2 =
ln F T

t

K
+
(
µc − 1

2σ2
)

τ

σ
√

τ
, d1 = d2 + σ

√
τ ,

F T
t = Ste

rτ is the forward price at time t, St is the underlying stock price modelled by

Definition 2, K is the strike price, µc is the convexity adjustment term given by Lemma

6, r is the risk-free interest rate, σ is the volatility, τ = T − t is the time to maturity,

N(·) is the cumulative distribution function of some standard normal random variable,

and ϕ(·) is the probability density function of some standard normal random variable.

Proof. See Appendix I.

Remark 7. Note that

∂Π1

∂St

= ϕ(d1)eµcτ

[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂d1

∂St

= eµcτ

[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂N(d1)
∂St

,
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and

∂Π2

∂St

= ϕ(d2)
[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂d2

∂St

=
[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂N(d2)
∂St

,

which have been shown in the proof of Lemma 8.

If Y is normally distributed, then ρk = 0, for k = 3, 4, ..., n and µc = 0, we have
∂Π1
∂St

= ∂N(d1)
∂St

and ∂Π2
∂St

= ∂N(d2)
∂St

.

Proposition 2. The delta (i.e., the hedging ratio), ∆GC, of the option pricing formula

under Gram-Charlier density for a European call is given by

∆GC ≡ ∂cGC
t

∂St

= Π1, (14)

where cGC
t denotes the price of a European call option under Gram-Charlier density given

in Proposition 1, St means the underlying stock price under Gram-Charlier density mod-

elled by Definition 2, and

Π1 = N(d1) + eµcτ ϕ(d1)
n∑

k=3

ρk

k!

[
k∑

h=1
Ch

k Heh−1(−d1)
(
σ

√
τ
)k−h

]
.

Proof. See Appendix J.

3.4 An Alternative Option Pricing Formula under Gram-Charlier

Density

The return is generally constructed in terms of the stock price St, and the log-return of the

Black and Scholes (1973) model is normally distributed. The Gram-Charlier series can be

applied in option pricing by using the densities to extend the normally distributed return

in Black and Scholes (1973) model to include higher-order cumulants. For notational

convenience, here and hereafter, we construct the log-return under Gram-Charlier density

in terms of the forward price F T
t .
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Definition 3. The log-return Rτ under Gram-Charlier density is defined by

Rτ = ln ST

F T
t

=
(

µc − 1
2σ2

)
τ + σ

√
τY,

(15)

where

µc = −1
τ

ln
[
1 +

n∑
k=3

ρk

k! (σ
√

τ)k

]
,

and Y is the standardized random variable with the probability density function f(y) of

the form

f(y) =
n∑

k=0

ρk

k! (−1)kϕ(k)(y) =
n∑

k=0

ρk

k! Hek(y)ϕ(y) =
[
1 +

n∑
k=3

ρk

k! Hek(y)
]

ϕ(y).

Given the log-return under Gram-Charlier density, we are able to derive the represen-

tation of the characteristic function under Gram-Charlier density.

Lemma 9. The characteristic function of the random variable Rτ = ln ST

F T
t

under Gram-

Charlier density is given by

f(ϕ) ≡ EQ
t

[
eiϕRτ

]
= eiϕµcτ− 1

2 σ2τiϕ(1−iϕ)
n∑

k=0

ρk

k!
(
iϕσ

√
τ
)k

.
(16)

Proof. See Appendix K.

According to the new defined characteristic function with log-return as random vari-

able, we are able to develop an alternative form of option pricing formula under Gram-

Charlier density to the previous one.

Proposition 3. An alternative formula of the price of a European call option under

Gram-Charlier density can be computed with Bakshi and Madan’s (2000) formula, given

by

cGC
t = F T

t e−rτ Π1 − Ke−rτ Π2, (17)
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where

Πj = 1
2 + 1

π

∫ +∞

0
R

fj(ϕ) · e
−iϕ ln K

F T
t

iϕ

 dϕ,

fj(ϕ) =


f(ϕ−i)
f(−i) , j = 1

f(ϕ), j = 2
,

F T
t = Ste

rτ is the forward price, K is the strike price, r is the risk-free interest rate,

τ = T − t is the time to maturity, i is the imaginary unit with i2 = −1, f(ϕ) ≡ EQ
t

[
eiϕRτ

]
is the characteristic function of log-return Rτ = ln ST

F T
t

, and R [·] means the real part of

some complex number.

Remark 8. According to Bakshi and Madan (2000), the representations of Π1 and Π2 are

derived by using inverse Fourier transformations, which can be considered as a well-known

result. Although Πj, j = 1, 2 in Bakshi and Madan (2000) and in our Proposition 3 are

defined in terms of the stock price St and the forward price F T
t , respectively, they still

have the same structure of representations. The proof is trivial, and thus it is omitted.

Remark 9. In Equation (17), we use the same notations “Π1” and “Π2” as what we have

defined in Equation (12), because we will give a proof later (in Proposition 4) showing

that this form of option pricing formula under Gram-Charlier density is equivalent to the

formula presented in Proposition 1. Compared with the option pricing formula developed

by Bakshi and Madan (2000), we specify the characteristic function under Gram-Charlier

density in our formula, which can be regarded as an alternative option pricing formula

under Gram-Charlier density of arbitrary order.

3.5 Equivalence among Option Pricing Formulas under Gram-

Charlier Density

Now we are interested in whether these different forms of option pricing formula under

Gram-Charlier density that presented in Lemma 7, Proposition 1 and Proposition 3 are
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equivalent, as well as the relationship between different terms in different formulas. We

first focus on two option pricing formulas given in Proposition 1 and Proposition 3.

Proposition 4. The two forms of option pricing formula under Gram-Charlier density

(given in our Proposition 1 and Proposition 3) are equivalent, that is,

Π1 = N(d1) + eµcτ ϕ(d1)
n∑

k=3

ρk

k!

[
k∑

h=1
Ch

k Heh−1(−d1)
(
σ

√
τ
)k−h

]

= 1
2 + 1

π

∫ +∞

0
R

f1(ϕ) · e
−iϕ ln K

F T
t

iϕ

 dϕ,

(18)

Π2 = N(d2) + ϕ(d2)
n∑

k=3

[
ρk

k! Hek−1(−d2)
]

= 1
2 + 1

π

∫ +∞

0
R

f2(ϕ) · e
−iϕ ln K

F T
t

iϕ

 dϕ,

(19)

where

f1(ϕ) = eµcτ eiϕ(µc+ 1
2 σ2)τ− 1

2 ϕ2σ2τ
n∑

k=0

ρk

k!
[
(iϕ + 1) σ

√
τ
]k

,

f2(ϕ) = eµcτ eiϕ(µc− 1
2 σ2)τ− 1

2 ϕ2σ2τ
n∑

k=0

ρk

k!
(
iϕσ

√
τ
)k

.

Proof. See Appendix L.

Furthermore, considering that a simplified version of the three-term option pricing

formula under Gram-Charlier density proposed by Aschakulporn (2022) has been obtained

in Section 3.2, we can examine whether this form is also equivalent to the former two

formulas.

Corollary 1. The simplified version of option pricing formula under Gram-Charlier den-

sity (given in Lemma 7), which consists of three terms, is equivalent to both of the two

option pricing formulas under Gram-Charlier density (given in our Proposition 1 and

Proposition 3).
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The relationship between terms in these three forms is given by

cGC
t = F T

t e−rτ N(d1)︸ ︷︷ ︸
T erm 1

− Ke−rτ N(d2)︸ ︷︷ ︸
T erm 2

− Ke−rτ ϕ(d2)
n∑

k=3

[
ρk

k! (−1)k
k−1∑
m=1

(−σ
√

τ)mHek−m−1(d2)
]

︸ ︷︷ ︸
T erm 3

= F T
t e−rτ A1︸ ︷︷ ︸
T erm 1

− Ke−rτ A2︸ ︷︷ ︸
T erm 2

−
(
Ke−rτ B2 − F T

t e−rτ B1
)

︸ ︷︷ ︸
T erm 3

= F T
t e−rτ (A1 + B1)︸ ︷︷ ︸

Π1

−Ke−rτ (A2 + B2)︸ ︷︷ ︸
Π2

,

(20)

where

A1 := 1
2 + 1

2π

∫ +∞

−∞

eiϕd1σ
√

τ− 1
2 ϕ2σ2τ

iϕ
dϕ = N(d1),

B1 := eµcτ

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ
n∑

k=3

[
ρk

k!

k∑
h=1

Ch
k (iϕ)h−1

(
σ

√
τ
)k
]

dϕ,

A2 := 1
2 + 1

2π

∫ +∞

−∞

eiϕd2σ
√

τ− 1
2 ϕ2σ2τ

iϕ
dϕ = N(d2),

B2 := 1
2π

∫ +∞

−∞

eiϕd2σ
√

τ− 1
2 ϕ2σ2τ

iϕ

n∑
k=3

[
ρk

k!
(
iϕσ

√
τ
)k
]

dϕ,

F T
t B1 − KB2 = −Kϕ(d2)

n∑
k=3

[
ρk

k! (−1)k
k−1∑
m=1

(−σ
√

τ)mHek−m−1(d2)
]

.

Remark 10. Based on the proof of Proposition 4, it is not too difficult to obtain Corollary

1, and thus its proof is omitted.

If the random variable Y is normally distributed, then the higher order coefficients

ρk, k = 3, 4, ..., n defined in Definition 1 are all equal to zero, and therefore µc = 0

and Equation (8) degenerates to the Black and Scholes (1973) model. In this case, by

comparing the corresponding option pricing formulas (i.e., the Black and Scholes (1973)

formula and the Bakshi and Madan’s (2000) formula), we can find that Π1 = N(d1) and

Π2 = N(d2) describe the probabilities that options will be exercised under share measure

and risk-neutral measure, respectively.

When the higher order coefficients ρk ̸= 0, k = 3, 4, ..., n, even though Π1 and Π2

can still describe the probabilities that options will be exercised under the corresponding
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measures, N(d1) and N(d2) can no longer describe them. This is because Π1 ̸= N(d1)

and Π2 ̸= N(d2) in this case.

4 Cumulants under Risk-neutral Measure and Share

Measure

Given the characteristic functions f1(ϕ) and f2(ϕ) with log-return Rτ as random variable,

we are able to compute the corresponding moment generating functions and cumulant

generating functions under share measure and risk-neutral measure, and therefore deter-

mining the representations for the cumulants with Gram-Charlier density under different

measures. In order to have a deeper understanding of the share measure, it is meaningful

to investigate the relationship between the cumulants with Gram-Charlier density under

share measure and risk-neutral measure.

4.1 Cumulant Generating Functions with Gram-Charlier Den-

sity under Q-measure and S-measure

Lemma 10. The cumulant generating function (i.e., CGF) of the random variable Rτ =

ln ST

F T
t

=
(
µc − 1

2σ2
)

τ + σ
√

τY with Gram-Charlier density under risk-neutral measure

(i.e., Q-measure) is given by

KQ(ϕ) = 1
2σ2τϕ2 +

(
µc − 1

2σ2
)

τϕ + ln
n∑

k=0

ρk

k!
(
ϕσ

√
τ
)k

. (21)

Proof. See Appendix M.

Lemma 11. The cumulant generating function (i.e., CGF) of the random variable Rτ =

ln ST

F T
t

=
(
µc − 1

2σ2
)

τ + σ
√

τY with Gram-Charlier density under share measure (i.e.,
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S-measure) is given by

KS(ϕ) = 1
2σ2τϕ2 +

(
µc + 1

2σ2
)

τϕ + ln
n∑

k=0

ρk

k!
[
(ϕ + 1) σ

√
τ
]k

− ln
n∑

k=0

ρk

k!
(
σ

√
τ
)k

.

(22)

Proof. See Appendix N.

In order to deal with the term ln∑n
k=0

ρk

k! (ϕσ
√

τ)k = ln
[
1 +∑n

k=3
ρk

k! (ϕσ
√

τ)k
]

in

Equation (21) and the term ln∑n
k=0

ρk

k! [(ϕ + 1) σ
√

τ ]k = ln
{
1 +∑n

k=3
ρk

k! [(ϕ + 1) σ
√

τ ]k
}

in Equation (22), we consider applying Taylor expansion to these two logarithm terms,

respectively.

Thus, Equation (21) can be rewritten as follows

KQ(ϕ) = 1
2σ2τϕ2 +

(
µc − 1

2σ2
)

τϕ

+
+∞∑
q=3

1
q!
(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) ϕq,
(23)

where

Bq,h (0, 0, ρ3, · · · , ρn) =
∑

3h3+4h4+···+nhn=q
h3+h4+···+hn=h

h3,h4,··· ,hn≥0

q!
h3!h4! · · · hn!

(
ρ3

3!

)h3 (ρ4

4!

)h4

· · ·
(

ρn

n!

)hn

refers to the partial or incomplete exponential Bell polynomials. 2

Based on Equation (23), we are able to calculate the m-th order partial derivatives of

the cumulant generating function under Q-measure with respect to ϕ, (m = 0, 1, 2, 3, · · · ).

When m = 0, 1, 2, we have

KQ(ϕ) = 1
2σ2τϕ2 +

(
µc − 1

2σ2
)

τϕ + ln
n∑

k=0

ρk

k!
(
ϕσ

√
τ
)k

, (24)

∂

∂ϕ
KQ(ϕ) = σ2τϕ +

(
µc − 1

2σ2
)

τ

+
+∞∑
q=3

1
(q − 1)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) ϕq−1,
(25)

2 See Appendix O for the detailed derivation of Equation (23).
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∂2

∂ϕ2 KQ(ϕ) = σ2τ +
+∞∑
q=3

1
(q − 2)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) ϕq−2.

(26)

When m ≥ 3, we have

∂m

∂ϕm
KQ(ϕ) =

+∞∑
q=m

1
(q − m)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) ϕq−m.

(27)

Similarly, Equation (22) can be rewritten as follows

KS(ϕ) = 1
2σ2τϕ2 +

(
µc + 1

2σ2
)

τϕ − ln
n∑

k=0

ρk

k!
(
σ

√
τ
)k

+
+∞∑
q=3

1
q!
(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) (ϕ + 1)q,

(28)

where

Bq,h (0, 0, ρ3, · · · , ρn) =
∑

3h3+4h4+···+nhn=q
h3+h4+···+hn=h

h3,h4,··· ,hn≥0

q!
h3!h4! · · · hn!

(
ρ3

3!

)h3 (ρ4

4!

)h4

· · ·
(

ρn

n!

)hn

refers to the partial or incomplete exponential Bell polynomials. 3

Based on Equation (28), we are able to calculate the m-th order partial derivatives of

the cumulant generating function under S-measure with respect to ϕ, (m = 0, 1, 2, 3, · · · ).

When m = 0, 1, 2, we have

KS(ϕ) = 1
2σ2τϕ2 +

(
µc + 1

2σ2
)

τϕ + ln
n∑

k=0

ρk

k!
[
(ϕ + 1) σ

√
τ
]k

− ln
n∑

k=0

ρk

k!
(
σ

√
τ
)k

,

(29)
∂

∂ϕ
KS(ϕ) = σ2τϕ +

(
µc + 1

2σ2
)

τ

+
+∞∑
q=3

1
(q − 1)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) (ϕ + 1)q−1,

(30)
∂2

∂ϕ2 KS(ϕ) = σ2τ +
+∞∑
q=3

1
(q − 2)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) (ϕ + 1)q−2.

(31)

3 See Appendix P for the detailed derivation of Equation (28).
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When m ≥ 3, we have

∂m

∂ϕm
KS(ϕ) =

+∞∑
q=m

1
(q − m)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) (ϕ + 1)q−m.

(32)

4.2 Cumulants with Gram-Charlier Density under Q-measure

and S-measure

The corresponding cumulants under Q-measure can be obtained by substituting ϕ = 0

into Equation (24), (25), (26) and (27), given by

κQ
0 = KQ(ϕ)

∣∣∣
ϕ=0

= 0, (33)

κQ
1 = ∂

∂ϕ
KQ(ϕ)

∣∣∣∣∣
ϕ=0

=
(

µc − 1
2σ2

)
τ, (34)

κQ
2 = ∂2

∂ϕ2 KQ(ϕ)
∣∣∣∣∣
ϕ=0

= σ2τ. (35)

When m ≥ 3, we have

κQ
m = ∂m

∂ϕm
KQ(ϕ)

∣∣∣∣∣
ϕ=0

=
(
σ

√
τ
)m

m∑
h=1

(−1)h−1(h − 1)!Bm,h (0, 0, ρ3, · · · , ρn) . (36)

Here we give the examples for cumulants under Q-measure from m = 3 to m = 6 of

the random variable Rτ = ln ST

F T
t

=
(
µc − 1

2σ2
)

τ + σ
√

τY with Gram-Charlier density

κQ
3 =

(
σ

√
τ
)3

ρ3,

κQ
4 =

(
σ

√
τ
)4

ρ4,

κQ
5 =

(
σ

√
τ
)5

ρ5,

κQ
6 =

(
σ

√
τ
)6 (

ρ6 − 10ρ2
3

)
.

Since the log-return Rτ can be regarded as the linear combination of normally distributed

random variable Y , we can standardize Rτ to become Y by applying Rτ −EQ
t (Rτ )

σ
√

τ
= Y . Then

the relationships between coefficients and cumulants above are completely consistent with
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the examples given in Section 2.1.

Similarly, the corresponding cumulants under S-measure can be obtained by substi-

tuting ϕ = 0 into Equation (29), (30), (31) and (32), given by

κS
0 = KS(ϕ)

∣∣∣
ϕ=0

= 0, (37)

κS
1 = ∂

∂ϕ
KS(ϕ)

∣∣∣∣∣
ϕ=0

=
(

µc + 1
2σ2

)
τ +

+∞∑
q=3

1
(q − 1)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) ,

(38)

κS
2 = ∂2

∂ϕ2 KS(ϕ)
∣∣∣∣∣
ϕ=0

= σ2τ +
+∞∑
q=3

1
(q − 2)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) .

(39)

When m ≥ 3, we have

κS
m = ∂m

∂ϕm
KS(ϕ)

∣∣∣∣∣
ϕ=0

=
+∞∑
q=m

1
(q − m)!

(
σ

√
τ
)q

q∑
h=1

(−1)h−1(h − 1)!Bq,h (0, 0, ρ3, · · · , ρn) .

(40)

Proposition 5. The relationships between cumulants with Gram-Charlier density under

Q-measure and S-measure are given by

when m = 0,

κS
0 = κQ

0 , (41)

when m ≥ 1,

κS
m =

+∞∑
q=0

κQ
m+q

q! . (42)

Proof. See Appendix Q.
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5 Conclusion

As a generalization of the normal density, the Gram-Charlier series expansion can be

used to approximate densities that deviate from the normal one, where the third- and

fourth-order cumulants can directly appear as the parameters. The Gram-Charlier den-

sity applied in option pricing is able to extend the normally distributed return in the Black

and Scholes (1973) model to include higher order cumulants, which are related to the pa-

rameters implied by the Gram-Charlier density as well. The majority of existing literature

is restricted to truncating the series expansion until the fourth moment or cumulant, since

for the standardized random variable, its third- and fourth-order cumulants are exactly

the skewness and excess kurtosis, which are commonly used in financial applications.

In this paper, based on some indispensable properties of Hermite polynomials, we

derive a new analytic form of option pricing formula under Gram-Charlier density of

arbitrary order, where the probabilities that options will be exercised under share measure

and risk-neutral measure (namely, Π1 and Π2, respectively) can be explicitly expressed.

Compared with the Black and Scholes (1973) formula, we find that the hedging ratio,

∆GC , of the option pricing formula under Gram-Charlier density, is equal to Π1 instead

of N(d1).

Following the derivations in previous literature, we are able to simplify the option pric-

ing formula under Gram-Charlier density proposed by Aschakulporn (2022), which con-

sists of three terms. Moreover, we specify the characteristic function under Gram-Charlier

density, and make the Bakshi and Madan’s (2000) formula become an alternative option

pricing formula under Gram-Charlier density. Subsequently, the equivalence between our

new formula and these two forms has been demonstrated, and the relationship between

terms in different formulas is also discussed.

Additionally, we further investigate the relationship between the cumulants with Gram-

Charlier density under share measure and risk-neutral measure to help users have a deeper

understanding of the share measure.
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Appendix

A Proof of Lemma 1
Proof. (Note that (−1)!! = 0!! = 1.)

When k = 0 and k = 1, we have

He0(y) = C0
0 · (−1)0 · 1 · y0 = 1

and
He1(y) = C0

1 · (−1)0 · 1 · y1−0 = y

hold, respectively.
Assume that for an arbitrary natural number w < k, we have

Hew(y) =
⌊w

2 ⌋∑
m=0

C2m
w (−1)m(2m − 1)!!yk−2m

holds, now we need to show that this summation formula also holds for the natural number
k.

Since the recursive form of Hermite polynomial

Hek(y) = yHek−1(y) − (k − 1)Hek−2(y)

is known, according to our assumption, we have

Hek−1(y) =
⌊ k−1

2 ⌋∑
m=0

C2m
k−1(−1)m(2m − 1)!!yk−1−2m

and

Hek−2(y) =
⌊ k−2

2 ⌋∑
m=0

C2m
k−2(−1)m(2m − 1)!!yk−2−2m

hold, respectively.
When k is odd, we set k = 2u + 1, then

Hek−1(y)
= He2u(y)

=
u∑

m=0
C2m

2u (−1)m(2m − 1)!!y2u−2m

= C0
2u · (−1)0 · y2u + C2

2u · (−1)1 · y2u−2 + C4
2u · (−1)2 · 3!! · y2u−4

+ · · · + C2m
2u · (−1)m · (2m − 1)!! · y2u−2m + · · · + C2u

2u · (−1)u · (2u − 1)!! · y0,

(A.1)
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Hek−2(y)
= He2u−1(y)

=
u−1∑
m=0

C2m
2u−1(−1)m(2m − 1)!!y2u−2m−1

= C0
2u−1 · (−1)0 · y2u−1 + C2

2u−1 · (−1)1 · y2u−3 + C4
2u−1 · (−1)2 · 3!! · y2u−5

+ · · · + C2m−2
2u−1 · (−1)m−1 · (2m − 3)!! · y2u−2m+1 + C2m

2u−1 · (−1)m · (2m − 1)!! · y2u−2m−1

+ · · · + C2u−2
2u−1 · (−1)u−1 · (2u − 3)!! · y,

(A.2)
and thus

Hek(y)
= He2u+1(y)
= yHe2u(y) − 2uHe2u−1(y)
=
[
C0

2u · (−1)0 · y2u+1 + C2
2u · (−1)1 · y2u−1 + C4

2u · (−1)2 · 3!! · y2u−3

+ · · · + C2m
2u · (−1)m · (2m − 1)!! · y2u−2m+1 + · · · + C2u

2u · (−1)u · (2u − 1)!! · y
]

−
[
2u · C0

2u−1 · (−1)0 · y2u−1 + 2u · C2
2u−1 · (−1)1 · y2u−3 + 2u · C4

2u−1 · (−1)2 · 3!! · y2u−5

+ 2u · C2m−2
2u−1 · (−1)m−1 · (2m − 3)!! · y2u−2m+1

+ 2u · C2m
2u−1 · (−1)m · (2m − 1)!! · y2u−2m−1 + · · · + 2u · C2u−2

2u−1 · (−1)u−1 · (2u − 3)!! · y
]

= C0
2u · (−1)0 · y2u+1 +

[
C2

2u · (−1)1 − 2u · C0
2u−1 · (−1)0

]
· y2u−1

+
[
C4

2u · (−1)2 · 3!! − 2u · C2
2u−1 · (−1)1

]
· y2u−3

+ · · · +
[
C2m

2u · (−1)m · (2m − 1)!! − 2u · C2m−2
2u−1 · (−1)m−1 · (2m − 3)!!

]
︸ ︷︷ ︸

Ω

·y2u−2m+1

+ · · · +
[
C2u

2u · (−1)u · (2u − 1)!! − 2u · C2u−2
2u−1 · (−1)u−1 · (2u − 3)!!

]
· y.

(A.3)
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Since

Ω

= (2u)!
(2m)!(2u − 2m)! · (−1)m · (2m − 1)!! − 2u · (2u − 1)!

(2m − 2)!(2u − 2m + 1)! · (−1)m−1 · (2m − 3)!!

= (2u − 1)! · (−1)m · (2m − 3)!!
(2m − 2)!(2u − 2m)! ·

[
2u · (2m − 1)
2m · (2m − 1) + 2u

2u − 2m + 1

]

= (2u − 1)! · (−1)m · (2m − 3)!!
(2m − 2)!(2u − 2m)! · 2u · [(2m − 1) · (2u − 2m + 1) + 2m · (2m − 1)]

2m · (2m − 1) · (2u − 2m + 1)

= (2u − 1)! · (−1)m · (2m − 3)!!
(2m − 2)!(2u − 2m)! · 2u · (2m − 1) · (2u + 1)

2m · (2m − 1) · (2u − 2m + 1)

= (2u + 1)!
(2m)!(2u − 2m + 1)! · (−1)m · (2m − 1)!!

= C2m
2u+1 · (−1)m · (2m − 1)!!,

(A.4)
where m = 1, 2, · · · , u, and then we have

Hek(y)
= He2u+1(y)
= C0

2u+1 · (−1)0 · y2u+1 + C2
2u+1 · (−1)1 · y2u−1 + C4

2u+1 · (−1)2 · 3!! · y2u−3

+ · · · + C2m
2u+1 · (−1)m · (2m − 1)!! · y2u−2m+1 + · · · + C2u

2u+1 · (−1)u · (2u − 1)!! · y

=
u∑

m=0
C2m

2u+1(−1)m(2m − 1)!!y2u−2m+1

=
⌊ k

2 ⌋∑
m=0

C2m
k (−1)m(2m − 1)!!yk−2m.

(A.5)
When k is even, we set k = 2u, then

Hek−1(y)
= He2u−1(y)

=
u−1∑
m=0

C2m
2u−1(−1)m(2m − 1)!!y2u−2m−1

= C0
2u−1 · (−1)0 · y2u−1 + C2

2u−1 · (−1)1 · y2u−3 + C4
2u−1 · (−1)2 · 3!! · y2u−5

+ · · · + C2m
2u−1 · (−1)m · (2m − 1)!! · y2u−2m−1 + · · · + C2u−2

2u−1 · (−1)u−1 · (2u − 3)!! · y,
(A.6)
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Hek−2(y)
= He2u−2(y)

=
u−1∑
m=0

C2m
2u−2(−1)m(2m − 1)!!y2u−2m−2

= C0
2u−2 · (−1)0 · y2u−2 + C2

2u−2 · (−1)1 · y2u−4 + C4
2u−2 · (−1)2 · 3!! · y2u−6

+ · · · + C2m−2
2u−2 · (−1)m−1 · (2m − 3)!! · y2u−2m + C2m

2u−2 · (−1)m · (2m − 1)!! · y2u−2m−2

+ · · · + C2u−4
2u−2 · (−1)u−2 · (2u − 5)!! · y2 + C2u−2

2u−2 · (−1)u−1 · (2u − 3)!! · y0,
(A.7)

and thus

Hek(y)
= He2u(y)
= yHe2u−1(y) − (2u − 1)He2u−2(y)
=
[
C0

2u−1 · (−1)0 · y2u + C2
2u−1 · (−1)1 · y2u−2 + C4

2u−1 · (−1)2 · 3!! · y2u−4

+ · · · + C2m
2u−1 · (−1)m · (2m − 1)!! · y2u−2m + · · · + C2u−2

2u−1 · (−1)u−1 · (2u − 3)!! · y2
]

−
[
(2u − 1) · C0

2u−2 · (−1)0 · y2u−2 + (2u − 1) · C2
2u−2 · (−1)1 · y2u−4

+ (2u − 1) · C4
2u−2 · (−1)2 · 3!! · y2u−6 + · · · + (2u − 1) · C2m−2

2u−2 · (−1)m−1 · (2m − 3)!! · y2u−2m

+ (2u − 1) · C2m
2u−2 · (−1)m · (2m − 1)!! · y2u−2m−2 + · · ·

+ (2u − 1) · C2u−4
2u−2 · (−1)u−2 · (2u − 5)!! · y2 + (2u − 1) · C2u−2

2u−2 · (−1)u−1 · (2u − 3)!! · y0
]

= C0
2u−1 · (−1)0 · y2u +

[
C2

2u−1 · (−1)1 − (2u − 1) · C0
2u−2 · (−1)0

]
· y2u−2

+
[
C4

2u−1 · (−1)2 · 3!! − (2u − 1) · C2
2u−2 · (−1)1

]
· y2u−4

+ · · · +
[
C2m

2u−1 · (−1)m · (2m − 1)!! − (2u − 1) · C2m−2
2u−2 · (−1)m−1 · (2m − 3)!!

]
︸ ︷︷ ︸

Ω1

·y2u−2m

+ · · · +
[
C2u−2

2u−1 · (−1)u−1 · (2u − 3)!! − (2u − 1) · C2u−4
2u−2 · (−1)u−2 · (2u − 5)!!

]
· y2

−
[
(2u − 1) · C2u−2

2u−2 · (−1)u−1 · (2u − 3)!!
]

︸ ︷︷ ︸
Ω2

·y0.

(A.8)
Since

C0
2u−1 · (−1)0 · y2u = C0

2u · (−1)0 · y2u, (A.9)

Ω2 = (2u − 1) · C2u−2
2u−2 · (−1)u · (2u − 3)!!

= C2u
2u · (−1)u · (2u − 1)!!,

(A.10)
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Ω1

= (2u − 1)!
(2m)!(2u − 2m − 1)! · (−1)m · (2m − 1)!! − (2u − 1) · (2u − 2)!

(2m − 2)!(2u − 2m)! · (−1)m−1 · (2m − 3)!!

= (2u − 1)!
(2m − 2)!(2u − 2m − 1)! · (−1)m · (2m − 3)!! ·

[
2m − 1

2m · (2m − 1) + 1
2u − 2m

]

= (2u − 1)!
(2m − 2)!(2u − 2m − 1)! · (−1)m · (2m − 3)!! · (2m − 1) · (2u − 2m) + 2m · (2m − 1)

2m · (2m − 1) · (2u − 2m)

= (2u)!
(2m)!(2u − 2m)! · (−1)m · (2m − 1)!!

= C2m
2u · (−1)m · (2m − 1)!!,

(A.11)
where m = 1, 2, · · · , u − 1, and then we have

Hek(y)
= He2u(y)
= C0

2u · (−1)0 · y2u + C2
2u · (−1)1 · y2u−2 + C4

2u · (−1)2 · 3!! · y2u−4

+ · · · + C2m
2u · (−1)m · (2m − 1)!! · y2u−2m + · · · + C2u

2u · (−1)u · (2u − 1)!! · y0

=
u∑

m=0
C2m

2u (−1)m(2m − 1)!!y2u−2m

=
⌊ k

2 ⌋∑
m=0

C2m
k (−1)m(2m − 1)!!yk−2m.

(A.12)

By induction, we have Hek(y) = ∑⌊ k
2 ⌋

m=0 C2m
k (−1)m(2m−1)!!yk−2m holds for any natural

number k.
Hence, the summation form of Hermite polynomial is given by

Hek(y) =
⌊ k

2 ⌋∑
m=0

C2m
k (−1)m(2m − 1)!!yk−2m

=
⌊ k

2 ⌋∑
m=0

k!(2m − 1)!!
(2m)!(k − 2m)!(−1)myk−2m

=
⌊ k

2 ⌋∑
m=0

k!
(2m)!!(k − 2m)!(−1)myk−2m

=
⌊ k

2 ⌋∑
m=0

k!
2km!(k − 2m)!(−1)myk−2m,

(A.13)

where Hek(y) is the k-th order Hermite polynomial, C2m
k = k!

(2m)!(k−2m)! is a combinatorial
number, ⌊·⌋ means the floor function of “·” (i.e., the largest integer that is less than or
equal to “·”), (·)! and (·)!! are the factorial and double factorial of “·”, respectively.
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B Proof of Lemma 2
Proof. By Lemma 1 and binomial theorem, we have∫ +∞

−∞
(it + y)kϕ(t)dt

= 1√
2π

∫ +∞

−∞
e− t2

2
[
C0

kyk + C1
k(it)yk−1 + C2

k(it)2yk−2 + · · · + Ck
k (it)k

]
dt

= C0
k · yk + C2

k · i2 · yk−2 + C4
k · i4 · 3!! · yk−4 + · · · + C2m

k · i2m · (2m − 1)!! · yk−2m

+ · · · + C
2⌊ k

2 ⌋
k · i2⌊ k

2 ⌋ ·
(

2
⌊

k

2

⌋
− 1

)
!! · yk−2⌊ k

2 ⌋

=
⌊ k

2 ⌋∑
m=0

C2m
k (−1)m(2m − 1)!!yk−2m

= Hek(y).

(B.1)

C Proof of Lemma 3
Proof. By Lemma 2 and binomial theorem, we have

Hek(y + ∆y)

=
∫ +∞

−∞
[(it + y) + ∆y]k ϕ(t)dt

=
∫ +∞

−∞

[
C0

k(it + y)k + C1
k(∆y)1(it + y)k−1 + · · · + Ck

k (∆y)k(it + y)0
]

ϕ(t)dt

=
k∑

m=0
(∆y)mCm

k Hek−m(y).

(C.1)

D Proof of Lemma 4
Proof. By Lemma 2 and substitution method, we have

Hek(−y) =
∫ +∞

−∞
(it − y)kϕ(t)dt

(Let t = −z) =
∫ −∞

+∞
(−iz − y)kϕ(−z)d(−z)

= (−1)k+1
∫ −∞

+∞
(iz + y)kϕ(−z)dz

= (−1)k
∫ +∞

−∞
(iz + y)kϕ(z)dz

= (−1)kHek(y).

(D.1)
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E Proof of Lemma 5
Proof. By Lemma 2, we have

d

dy
Hek(y) =

∫ +∞

−∞

d

dy
(it + y)kϕ(t)dt

=
∫ +∞

−∞
k(it + y)k−1ϕ(t)dt

= kHek−1(y).

(E.1)

F Proof of Lemma 6
Proof.

EQ
t [ST ] = F T

t e(µc− 1
2 σ2)τ EQ

t

[
eσ

√
τY
]

= F T
t ,

=⇒ e(µc− 1
2 σ2)τ EQ

t

[
eσ

√
τY
]

= 1.

We first focus on EQ
t

[
eσ

√
τY
]

EQ
t

[
eσ

√
τY
]

=
∫ +∞

−∞
eσ

√
τyf(y)dy

=
∫ +∞

−∞
eσ

√
τyϕ(y)dy +

n∑
k=3

(−1)k ρk

k!

∫ +∞

−∞
eσ

√
τyϕ(k)(y)dy,

(F.1)
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When k = 3, we have ∫ +∞

−∞
eσ

√
τyϕ(3)(y)dy

=
∫ +∞

−∞
eσ

√
τydϕ(2)(y)

= eσ
√

τyϕ(2)(y)
∣∣∣+∞

−∞
−
∫ +∞

−∞
ϕ(2)(y)σ

√
τeσ

√
τydy

= 0 − σ
√

τ
∫ +∞

−∞
eσ

√
τydϕ(1)(y)

= −σ
√

τ
[
eσ

√
τyϕ(1)(y)

∣∣∣+∞

−∞
−
∫ +∞

−∞
ϕ(1)(y)σ

√
τeσ

√
τydy

]
= σ2τ

∫ +∞

−∞
eσ

√
τydϕ(y)

= σ2τ
[
eσ

√
τyϕ(y)

∣∣∣+∞

−∞
−
∫ +∞

−∞
ϕ(y)σ

√
τeσ

√
τydy

]
= −

(
σ

√
τ
)3 ∫ +∞

−∞
eσ

√
τyϕ(y)dy

= −
(
σ

√
τ
)3 ∫ +∞

−∞

1√
2π

e− 1
2 y2+σ

√
τydy

= −
(
σ

√
τ
)3 ∫ +∞

−∞

1√
2π

e− 1
2(y−σ

√
τ)2

+ 1
2 σ2τ dy

(
Let z = y − σ

√
τ
)

= −
(
σ

√
τ
)3

e
1
2 σ2τ

∫ +∞

−∞

1√
2π

e− z2
2 dz

= −
(
σ

√
τ
)3

e
1
2 σ2τ .

(F.2)
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Similarly, for k > 3, we have∫ +∞

−∞
eσ

√
τyϕ(k)(y)dy

=
∫ +∞

−∞
eσ

√
τydϕ(k−1)(y)

= eσ
√

τyϕ(k−1)(y)
∣∣∣+∞

−∞
−
∫ +∞

−∞
ϕ(k−1)(y)σ

√
τeσ

√
τydy

= 0 − σ
√

τ
∫ +∞

−∞
eσ

√
τydϕ(k−2)(y)

= −σ
√

τ
[
eσ

√
τyϕ(k−2)(y)

∣∣∣+∞

−∞
−
∫ +∞

−∞
ϕ(k−2)(y)σ

√
τeσ

√
τydy

]
= σ2τ

∫ +∞

−∞
eσ

√
τydϕ(k−3)(y)

= σ2τ
[
eσ

√
τyϕ(k−3)(y)

∣∣∣+∞

−∞
−
∫ +∞

−∞
ϕ(k−3)(y)σ

√
τeσ

√
τydy

]
= −

(
σ

√
τ
)3 ∫ +∞

−∞
eσ

√
τydϕ(k−4)(y)

= · · ·

= (−1)k−1
(
σ

√
τ
)k−1 ∫ +∞

−∞
eσ

√
τydϕ(k−k)(y)

= (−1)k−1
(
σ

√
τ
)k−1

[
eσ

√
τyϕ(k−k)(y)

∣∣∣+∞

−∞
−
∫ +∞

−∞
ϕ(k−k)(y)σ

√
τeσ

√
τydy

]
= (−1)k

(
σ

√
τ
)k
∫ +∞

−∞
eσ

√
τyϕ(y)dy

= (−1)k
(
σ

√
τ
)k
∫ +∞

−∞

1√
2π

e− 1
2 y2+σ

√
τydy

= (−1)k
(
σ

√
τ
)k
∫ +∞

−∞

1√
2π

e− 1
2(y−σ

√
τ)2

+ 1
2 σ2τ dy

(
Let z = y − σ

√
τ
)

= (−1)k
(
σ

√
τ
)k

e
1
2 σ2τ

∫ +∞

−∞

1√
2π

e− z2
2 dz

= (−1)k
(
σ

√
τ
)k

e
1
2 σ2τ .

(F.3)
Thus,

EQ
t

[
eσ

√
τY
]

=
[
1 +

n∑
k=3

ρk

k! (σ
√

τ)k

]
e

1
2 σ2τ ,

=⇒ e(µc− 1
2 σ2+ 1

2 σ2)τ

[
1 +

n∑
k=3

ρk

k! (σ
√

τ)k

]
= 1,

=⇒ −µcτ = ln
[
1 +

n∑
k=3

ρk

k! (σ
√

τ)k

]
,

=⇒ µc = −1
τ

ln
[
1 +

n∑
k=3

ρk

k! (σ
√

τ)k

]
.
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G Proof of Lemma 7
Proof. The price of a European call option under Gram-Charlier density can be calculated
with the Harrison and Kreps (1979) and Harrison and Pliska (1981) risk-neutral valuation
formula, given by

cGC
t = e−rτ EQ

t [max (ST − K, 0)]
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
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(G.1)
where

d2 =
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t

K
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(
µc − 1
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√

τ
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f(y) =
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k! is the factorial of k, ϕ(y) = 1√
2π

exp
(
−y2

2

)
is the standard normal density function,

Hek(y) is the k-th order Hermite polynomial defined by Hek(y) ≡ (−1)k ϕ(k)(y)
ϕ(y) , ρk is the

coefficient derived from the Hermite polynomial, F T
t = Ste

rτ is the forward price at time
t, K is the strike price, r is the risk-free interest rate, σ is the volatility, and τ = T − t is
the time to maturity.

We first focus on the integral parts I1, I2, I3 and I4, respectively
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(G.2)
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(G.3)



Option Pricing under Gram-Charlier Density 39

I3 =
∫ +∞

−d2
ϕ(y)dy =

∫ d2

−∞
ϕ(y)dy = N(d2), (G.4)
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(G.5)

Thus, Equation (G.1) can be written as
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(G.6)
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By applying Lemma 4, Equation (G.6) can be rewritten as
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t e−rτ N(d1) − Ke−rτ N(d2) + Ke−rτ ϕ(d2)
n∑

k=3

ρk

k!

k−1∑
m=1

(σ
√

τ)m(−1)k−m−1Hek−m−1(d2)

= F T
t e−rτ N(d1) − Ke−rτ N(d2) − Ke−rτ ϕ(d2)

n∑
k=3

[
ρk

k! (−1)k
k−1∑
m=1

(−σ
√

τ)mHek−m−1(d2)
]

,

(G.7)
which is the simplified version of option pricing formula under Gram-Charlier density
proposed by Aschakulporn (2022).

H Proof of Proposition 1
Proof. Similar to the proof of Lemma 7, the price of a European call option under Gram-
Charlier density can be calculated with the Harrison and Kreps (1979) and Harrison and
Pliska (1981) risk-neutral valuation formula. Following the steps in Equation (G.1), we
have
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(H.1)
where
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k! is the factorial of k, ϕ(y) = 1√
2π

exp
(
−y2
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)
is the standard normal density function,

Hek(y) is the k-th order Hermite polynomial defined by Hek(y) ≡ (−1)k ϕ(k)(y)
ϕ(y) , ρk is the

coefficient derived from the Hermite polynomial, F T
t = Ste

rτ is the forward price at time
t, K is the strike price, r is the risk-free interest rate, σ is the volatility, and τ = T − t is
the time to maturity.

Now we only need to show that
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holds.
Since for any integer k and v with k ≥ v ≥ 1, we have

(1 + x)k−v = (1 + x)k 1
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and by comparing the coefficients of xk−v on both sides, we have
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(−1)lCk−v−l
k C l

v+l−1 = 1. (H.3)

Equation (H.3) can be transformed into
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l=0

(−1)lCv+l
k Cv−1

v+l−1 = 1, (H.4)

when taking v = 1, 2, · · · , k − 1, k, respectively, we can get the following equalities
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By applying Lemma 3 and Equation (H.4), we have
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(H.5)
Hence, Equation (H.1) can be rewritten as
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I Proof of Lemma 8
Proof. First we focus on ∂Π1
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By Lemma 5, we have
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Equation (I.1) can be continued as
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∂St(
∵

n∑
k=3

ρk

k!
(
σ

√
τ
)k

= e−µcτ − 1
)

= ϕ(d1)
{

1 + eµcτ

[
n∑

k=3

ρk

k! Hek(−d2) − e−µcτ + 1
]}

∂d1

∂St

= ϕ(d1)eµcτ

[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂d1

∂St

.

(I.4)
Then we consider ∂Π2

∂St

∂Π2

∂St

= ∂

∂St

[
N(d2) + ϕ(d2)

n∑
k=3

ρk

k! Hek−1(−d2)
]

= ϕ(d2)
∂d2

∂St

+
n∑

k=3

ρk

k!
∂

∂St

[ϕ(d2)Hek−1(−d2)] .

(I.5)

Applying Lemma 5 again, we have

∂

∂St

[ϕ(d2)Hek−1(−d2)]

= ∂ϕ(d2)
∂d2

∂d2

∂St

Hek−1(−d2) + ϕ(d2)(k − 1)Hek−2(−d2)
∂(−d2)

∂St

= ϕ(d2) [(−d2)Hek−1(−d2) − (k − 1)Hek−2(−d2)]
∂d2

∂St

= ϕ(d2)Hek(−d2)
∂d2

∂St

.

(I.6)

Equation (I.5) can be continued as

∂Π2

∂St

= ϕ(d2)
∂d2

∂St

+ ϕ(d2)
n∑

k=3

ρk

k! Hek(−d2)
∂d2

∂St

= ϕ(d2)
[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂d2

∂St

.

(I.7)

Combine Equation (I.4) and (I.7) and multiply by the corresponding coefficients, we
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have

F T
t e−rτ ∂Π1

∂St

− Ke−rτ ∂Π2

∂St

= F T
t e−rτ ϕ(d1)eµcτ

[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂d1

∂St

− Ke−rτ ϕ(d2)
[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂d2

∂St

.

(I.8)
Since

d1 + d2 = 2
ln F T

t

K
+ µcτ

σ
√

τ
, d1 − d2 = σ

√
τ ,

we have

ϕ(d2)
ϕ(d1)

= e
1
2(d2

1−d2
2) = e

1
2 (d1+d2)(d1−d2) = eln F T

t
K

+µcτ = F T
t

K
eµcτ , (I.9)

then
ϕ(d2) = F T

t

K
eµcτ ϕ(d1). (I.10)

Note that ∂d1
∂St

= ∂d2
∂St

, and hence Equation (I.8) can be continued as

F T
t e−rτ ∂Π1

∂St

− Ke−rτ ∂Π2

∂St

=
[
F T

t ϕ(d1)eµcτ − Kϕ(d2)
]

︸ ︷︷ ︸
0

e−rτ

[
1 +

n∑
k=3

ρk

k! Hek(−d2)
]

∂d1

∂St

= 0.

(I.11)

J Proof of Proposition 2
Proof. Here we use the option pricing formula presented in Proposition 1 to derive ∆
under Gram-Charlier density. According to Lemma 8, we have

∆GC ≡ ∂cGC
t

∂St

= ∂

∂St

(
F T

t e−rτ Π1 − Ke−rτ Π2
)

= Π1 + F T
t e−rτ ∂Π1

∂St

− Ke−rτ ∂Π2

∂St︸ ︷︷ ︸
0

= Π1.

(J.1)
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K Proof of Lemma 9
Proof. According to Definition 3, the characteristic function of the random variable Rτ =
ln ST

F T
t

=
(
µc − 1

2σ2
)

τ + σ
√

τY under Gram-Charlier density can be derived by

f(ϕ)
≡ EQ

t

[
eiϕRτ

]
= eiϕ(µc− 1

2 σ2)τ · EQ
t

[
eiϕσ

√
τY
]

= eiϕ(µc− 1
2 σ2)τ ·

∫ +∞

−∞
eiϕσ

√
τy · f (y) dy

= eiϕ(µc− 1
2 σ2)τ ·

∫ +∞

−∞
eiϕσ

√
τy ·

n∑
k=0

ρk

k! · Hek(y) · ϕ(y)dy

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! ·
∫ +∞

−∞
eiϕσ

√
τy · Hek(y) · ϕ(y)dy

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! ·
∫ +∞

−∞
eiϕσ

√
τy · (−1)k · ϕ(k)(y)dy

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! · (−1)k ·
∫ +∞

−∞
eiϕσ

√
τydϕ(k−1)(y)

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! · (−1)k ·
[
0 −

∫ +∞

−∞
eiϕσ

√
τy · ϕ(k−1)(y) ·

(
iϕσ

√
τ
)

dy
]

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! · (−1)k ·
[
(−1) ·

(
iϕσ

√
τ
)

·
∫ +∞

−∞
eiϕσ

√
τydϕ(k−2)(y)

]

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! · (−1)k · (−1) ·
(
iϕσ

√
τ
)

·
[
0 −

∫ +∞

−∞
eiϕσ

√
τy · ϕ(k−2)(y) ·

(
iϕσ

√
τ
)

dy
]

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! · (−1)k ·
[
(−1)2 ·

(
iϕσ

√
τ
)2

·
∫ +∞

−∞
eiϕσ

√
τy · ϕ(k−2)(y)dy

]
= · · ·

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! · (−1)k ·
[
(−1)k ·

(
iϕσ

√
τ
)k

·
∫ +∞

−∞
eiϕσ

√
τy · ϕ(y)dy

]

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! ·
(
iϕσ

√
τ
)k

·
∫ +∞

−∞

1√
2π

· e− 1
2(y−iϕσ

√
τ)2

· e
1
2(iϕσ

√
τ)2

dy

= eiϕ(µc− 1
2 σ2)τ ·

n∑
k=0

ρk

k! ·
(
iϕσ

√
τ
)k

· e
1
2(iϕσ

√
τ)2

= eiϕµcτ− 1
2 σ2τiϕ(1−iϕ)

n∑
k=0

ρk

k!
(
iϕσ

√
τ
)k

.

(K.1)
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L Proof of Proposition 4
Proof. According to Lemma 9, we have

f(ϕ) ≡ EQ
t

[
eiϕRτ

]
= eiϕµcτ− 1

2 σ2τiϕ(1−iϕ)
n∑

k=0

ρk

k!
(
iϕσ

√
τ
)k

,
(L.1)

=⇒ f1(ϕ) = eµcτ eiϕ(µc+ 1
2 σ2)τ− 1

2 ϕ2σ2τ
n∑

k=0

ρk

k!
[
(iϕ + 1) σ

√
τ
]k

,

f2(ϕ) = eiϕ(µc− 1
2 σ2)τ− 1

2 ϕ2σ2τ
n∑

k=0

ρk

k!
(
iϕσ

√
τ
)k

.

By applying substitution method, Euler’s formula and the property of conjugate com-
plex number, we have

Π2 = 1
2 + 1

π

∫ +∞

0
R

f2(ϕ) · e
−iϕ ln K

F T
t

iϕ

 dϕ

= 1
2 + 1

2π

∫ +∞

−∞

f(ϕ) · e
−iϕ ln K

F T
t

iϕ
dϕ

= 1
2 + 1

2π

∫ +∞

−∞
eiϕ(µc− 1

2 σ2)τ− 1
2 ϕ2σ2τ

[
n∑

k=0

ρk

k!
(
iϕσ

√
τ
)k
]

e
−iϕ ln K

F T
t

iϕ
dϕ

= 1
2 + 1

2π

∫ +∞

−∞
e

iϕ

[
(µc− 1

2 σ2)τ+ln F T
t

K

]
− 1

2 ϕ2σ2τ
(

1
iϕ

)[
1 +

n∑
k=3

ρk

k!
(
iϕσ

√
τ
)k
]

dϕ

= 1
2 + 1

2π

∫ +∞

−∞
eiϕd2σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

)
dϕ︸ ︷︷ ︸

A2

+ 1
2π

∫ +∞

−∞
eiϕd2σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

)
n∑

k=3

[
ρk

k!
(
iϕσ

√
τ
)k
]

dϕ︸ ︷︷ ︸
B2

,

(L.2)
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Π1 = 1
2 + 1

π

∫ +∞

0
R

f1(ϕ) · e
−iϕ ln K

F T
t

iϕ

 dϕ

= 1
2 + 1

2π

∫ +∞

−∞

f1(ϕ) · e
−iϕ ln K

F T
t

iϕ
dϕ

= 1
2 + 1

2π

∫ +∞

−∞
eµcτ eiϕ(µc+ 1

2 σ2)τ− 1
2 ϕ2σ2τ

{
n∑

k=0

ρk

k!
[
(iϕ + 1) σ

√
τ
]k} e

−iϕ ln K

F T
t

iϕ
dϕ

= 1
2 + eµcτ

2π

∫ +∞

−∞
e

iϕ

[
(µc+ 1

2 σ2)τ+ln F T
t

K

]
− 1

2 ϕ2σ2τ
(

1
iϕ

){
1 +

n∑
k=3

ρk

k!
[
(iϕ + 1) σ

√
τ
]k}

dϕ

= 1
2 + eµcτ

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

){
1 +

n∑
k=3

ρk

k!

[
1 +

k∑
h=1

Ch
k (iϕ)h

] (
σ

√
τ
)k
}

dϕ

= 1
2 + eµcτ

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

){[
1 +

n∑
k=3

ρk

k!
(
σ

√
τ
)k
]

+
n∑

k=3

ρk

k!

k∑
h=1

Ch
k (iϕ)h

(
σ

√
τ
)k
}

dϕ

= 1
2 + eµcτ

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

)[
1 +

n∑
k=3

ρk

k!
(
σ

√
τ
)k
]

︸ ︷︷ ︸
e−µcτ

dϕ

+ eµcτ

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

)
n∑

k=3

ρk

k!

k∑
h=1

Ch
k (iϕ)h

(
σ

√
τ
)k

dϕ

= 1
2 + 1

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

)
dϕ︸ ︷︷ ︸

A1

+ eµcτ

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ
n∑

k=3

[
ρk

k!

k∑
h=1

Ch
k (iϕ)h−1

(
σ

√
τ
)k
]

dϕ︸ ︷︷ ︸
B1

.

(L.3)
To show two forms of option pricing formula under Gram-Charlier density (given in

our Proposition 1 and Proposition 3) are equivalent, we only need to show both of the
following two conditions hold

(i) Aj = N(dj), j = 1, 2;

(ii) B1 = eµcτ ϕ(d1)
n∑

k=3

ρk

k!

[
k∑

h=1
Ch

k Heh−1(−d1)
(
σ

√
τ
)k−h

]
and B2 = ϕ(d2)

n∑
k=3

[
ρk

k! Hek−1(−d2)
]

.
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We show (i) first

∂Aj

∂K
= 1

2π

∫ +∞

−∞
eiϕdjσ

√
τ− 1

2 ϕ2σ2τ iϕσ
√

τ

(
− 1

Kσ
√

τ

)
1
iϕ

dϕ

= − 1
2πK

∫ +∞

−∞
eiϕdjσ

√
τ− 1

2 ϕ2σ2τ dϕ

= − 1
2πK

∫ +∞

−∞
e− 1

2(ϕσ
√

τ−dji)2
− 1

2 d2
j dϕ(

Let z = ϕσ
√

τ − dji
)

= − 1
2πK

∫ +∞

−∞
e− 1

2 z2
e− 1

2 d2
j

1
σ

√
τ

dz

= − 1
2πKσ

√
τ

e− 1
2 d2

j

∫ +∞

−∞
e− 1

2 z2
dz

= − 1
2πKσ

√
τ

e− 1
2 d2

j

√
2π

= 1√
2π

e− 1
2 d2

j

(
− 1

Kσ
√

τ

)

= ∂N(dj)
∂K

,

(L.4)

where j = 1, 2.
∴ Aj = N(dj) + Lj, j = 1, 2,

where Lj are two constants for j = 1, 2.
Let dj = 0, j = 1, 2, then we have K = F T

t e(µc+ 1
2 σ2)τ for j = 1 and K = F T

t e(µc− 1
2 σ2)τ

for j = 2.

∴ Aj|dj=0 = 1
2 + 1

2π

∫ +∞

−∞
e− 1

2 ϕ2σ2τ

(
1
iϕ

)
dϕ = 1

2 = N(0) = N(dj)|dj=0 ,

and thus L1 = L2 = 0, which means (i) holds.
Then we show (ii)

B1 = eµcτ

2π

∫ +∞

−∞
eiϕd1σ

√
τ− 1

2 ϕ2σ2τ
n∑

k=3

[
ρk

k!

k∑
h=1

Ch
k (iϕ)h−1

(
σ

√
τ
)k
]

dϕ

d1 =
ln F T

t

K
+
(
µc + 1

2σ2
)

τ

σ
√

τ
=⇒ eµcτ = K

F T
t

ed1σ
√

τ− 1
2 σ2τ


= K

F T
t

ed1σ
√

τ− 1
2 σ2τ 1

2π
e− 1

2 d2
1

∫ +∞

−∞
e− 1

2(ϕσ
√

τ−d1i)2 n∑
k=3

[
ρk

k!

k∑
h=1

Ch
k (iϕ)h−1

(
σ

√
τ
)k
]

dϕ

= K

F T
t

1
2π

e− 1
2 d2

2

∫ +∞

−∞
e− 1

2(ϕσ
√

τ−d1i)2 n∑
k=3

[
ρk

k!

k∑
h=1

Ch
k (iϕ)h−1

(
σ

√
τ
)k
]

dϕ,

(L.5)
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and
B2 = 1

2π

∫ +∞

−∞
eiϕd2σ

√
τ− 1

2 ϕ2σ2τ

(
1
iϕ

)
n∑

k=3

[
ρk

k!
(
iϕσ

√
τ
)k
]

dϕ

= 1
2π

e− 1
2 d2

2

∫ +∞

−∞
e− 1

2(ϕσ
√

τ−d2i)2
(

1
iϕ

)
n∑

k=3

[
ρk

k!
(
iϕσ

√
τ
)k
]

dϕ

= ϕ(d2)
1√
2π

∫ +∞

−∞
e− 1

2(ϕσ
√

τ−d2i)2 n∑
k=3

[
ρk

k!
(
iϕσ

√
τ
)k−1

σ
√

τ
]

dϕ.

(L.6)

Substitute z = ϕσ
√

τ − d1i and z = ϕσ
√

τ − d2i into Equation (L.5) and (L.6),
respectively, then we have

B1 = K

F T
t

ϕ(d2)
1√
2π

∫ +∞

−∞
e− 1

2 z2
n∑

k=3

ρk

k!

k∑
h=1

Ch
k

(
iz − d1

σ
√

τ

)h−1 (
σ

√
τ
)k−1

 dz

= K

F T
t

ϕ(d2)
∫ +∞

−∞
ϕ(z)

n∑
k=3

[
ρk

k!

k∑
h=1

Ch
k (iz − d1)h−1

(
σ

√
τ
)k−h

]
dz

= K

F T
t

ϕ(d2)
n∑

k=3

ρk

k!

k∑
h=1

Ch
k

∫ +∞

−∞
ϕ(z) (iz − d1)h−1

(
σ

√
τ
)k−h

dz

= eµcτ ϕ(d1)
n∑

k=3

ρk

k!

k∑
h=1

Ch
k Heh−1(−d1)

(
σ

√
τ
)k−h

,

(L.7)

and
B2 = ϕ(d2)

1√
2π

∫ +∞

−∞
e− 1

2 z2
n∑

k=3

[
ρk

k! (iz − d2)k−1
]

dz

= ϕ(d2)
∫ +∞

−∞
ϕ(z)

n∑
k=3

ρk

k! (iz − d2)k−1 dz

= ϕ(d2)
n∑

k=3

ρk

k!

∫ +∞

−∞
ϕ(z) (iz − d2)k−1 dz

= ϕ(d2)
n∑

k=3

ρk

k! Hek−1(−d2).

(L.8)

Hence, the two forms of option pricing formula under Gram-Charlier density (given in
our Proposition 1 and Proposition 3) are equivalent.

Furthermore, we are also able to show that the simplified version of the three-term
option pricing formula under Gram-Charlier density (given in Lemma 7) is equivalent to
those presented in Proposition 1 and Proposition 3. This requires both of (i) and another
new condition (iii) hold, which is given by

(iii) F T
t B1 − KB2 = −Kϕ(d2)

n∑
k=3

[
ρk

k! (−1)k
k−1∑
m=1

(−σ
√

τ)mHek−m−1(d2)
]

.

Based on the proof of (ii), it is not too difficult to show (iii).
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Applying Lemma 2 to the both sides of (iii), we have

LHS = Kϕ(d2)
n∑

k=3

ρk

k!

k∑
h=1

Ch
k Heh−1(−d1)

(
σ

√
τ
)k−h

− Kϕ(d2)
n∑

k=3

ρk

k! Hek−1(−d2)

= Kϕ(d2)
n∑

k=3

ρk

k!

k∑
h=1

Ch
k

∫ +∞

−∞
ϕ(z) (iz − d1)h−1

(
σ

√
τ
)k−h

dz

− Kϕ(d2)
n∑

k=3

ρk

k!

∫ +∞

−∞
ϕ(z) (iz − d2)k−1 dz,

(L.9)

and

RHS = −Kϕ(d2)
n∑

k=3

[
ρk

k! (−1)k
k−1∑
m=1

(−σ
√

τ)mHek−m−1(d2)
]

= (−1)k+1Kϕ(d2)
n∑

k=3

[
ρk

k!

k−1∑
m=1

(−σ
√

τ)m
∫ +∞

−∞
(iz + d2)k−m−1 ϕ(z)dz

]
.

(L.10)



Option Pricing under Gram-Charlier Density 53

Thus, (iii) can be rewritten as below

LHS

= Kϕ(d2)
n∑

k=3

ρk

k!

k∑
h=1

Ch
k

∫ +∞

−∞
ϕ(z) (iz − d1)h−1

(
σ

√
τ
)k−h

dz

− Kϕ(d2)
n∑

k=3

ρk

k!

∫ +∞

−∞
ϕ(z) (iz − d2)k−1 dz

= Kϕ(d2)
n∑

k=3

ρk

k!

[∫ +∞

−∞

k∑
h=1

Ch
k

(
σ

√
τ
)k−h

(iz − d1)h−1 ϕ(z)dz −
∫ +∞

−∞
(iz − d2)k−1 ϕ(z)dz

]

= Kϕ(d2)
n∑

k=3

ρk

k!

∫ +∞

−∞

∑k
h=0 Ch

k (σ
√

τ)k−h (iz − d1)h − (σ
√

τ)k

iz − d1
− (iz − d2)k−1
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k!
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√

τ)k
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= Kϕ(d2)
n∑

k=3

ρk

k!

∫ +∞

−∞
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√

τ)k
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τ

ϕ(z)dz

= Kϕ(d2)
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k=3

ρk

k!

∫ −∞

+∞
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τ)k
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√
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−∞
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√

τ)k
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√
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ϕ(z)dz
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∫ +∞

−∞
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√
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τ (iz + d2)k−2
∞∑
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√
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√
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∞∑
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√
τ
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)m]
ϕ(z)dz
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= Kϕ(d2)
n∑

k=3

ρk

k!

∫ +∞

−∞

[
(−1)kσ

√
τ

∞∑
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(
−σ

√
τ
)m−1

(iz + d2)k−m−1

+
(
σ

√
τ
)k

∞∑
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(
−σ

√
τ
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ϕ(z)dz

= Kϕ(d2)
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ρk
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∫ +∞
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[ ∞∑
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(
−σ

√
τ
)m

(iz + d2)k−m−1

−
(
−σ

√
τ
)k

∞∑
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(
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√
τ
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ϕ(z)dz

= Kϕ(d2)
n∑
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ρk

k! (−1)k−1
∫ +∞

−∞

[
k−1∑
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(
−σ

√
τ
)m

(iz + d2)k−m−1

+
∞∑

m=k

(
−σ

√
τ
)m

(iz + d2)k−m−1 −
∞∑
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(
−σ

√
τ
)k+m

(iz + d2)−m−1
]

ϕ(z)dz

= Kϕ(d2)
n∑

k=3

ρk

k! (−1)k−1
∫ +∞

−∞

[
k−1∑
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(
−σ

√
τ
)m

(iz + d2)k−m−1
]

ϕ(z)dz

= −Kϕ(d2)
n∑

k=3

[
ρk

k! (−1)k
k−1∑
m=1

(−σ
√

τ)mHek−m−1(d2)
]

= RHS,

(L.11)

which ends the proof of (iii).

M Proof of Lemma 10
Proof. Recall the characteristic function of the random variable Rτ = ln ST

F T
t

=
(
µc − 1

2σ2
)

τ+
σ

√
τY in Lemma 9 and f2(ϕ) = fQ

2 (ϕ) defined in Proposition 3, we have

fQ(ϕ) ≡ EQ
t

[
eiϕRτ

]
= fQ

2 (ϕ)

= eiϕµcτ− 1
2 σ2τiϕ(1−iϕ)

n∑
k=0

ρk

k!
(
iϕσ

√
τ
)k

.

(M.1)

Then we can obtain the moment generating function (i.e., MGF) with Gram-Charlier
density under Q-measure by substitution method

MQ(ϕ) ≡ EQ
t

[
eϕRτ

]
= eϕµcτ− 1

2 σ2τϕ(1−ϕ)
n∑

k=0

ρk

k!
(
ϕσ

√
τ
)k

= e
1
2 σ2τϕ2+(µc− 1

2 σ2)τϕ
n∑

k=0

ρk

k!
(
ϕσ

√
τ
)k

.

(M.2)

Thus, the cumulant generating function (i.e., CGF) with Gram-Charlier density under
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Q-measure is given by the logarithm of the corresponding moment generating function

KQ(ϕ) ≡ ln MQ(ϕ)

= 1
2σ2τϕ2 +

(
µc − 1

2σ2
)

τϕ + ln
n∑

k=0

ρk

k!
(
ϕσ

√
τ
)k

.
(M.3)

N Proof of Lemma 11
Proof. Recall the characteristic function of the random variable Rτ = ln ST

F T
t

=
(
µc − 1

2σ2
)

τ+
σ

√
τY in Lemma 9 and f1(ϕ) = fQ

1 (ϕ) defined in Proposition 3, we have

fS(ϕ) ≡ ES
t

[
eiϕRτ

]
= fQ

1 (ϕ)

= fQ(ϕ − i)
fQ(−i)

=
EQ

t

[
ei(ϕ−i)Rτ

]
EQ

t [ei(−i)Rτ ]

= eiϕµcτ+ 1
2 σ2τiϕ(1+iϕ)

∑n
k=0

ρk

k! [(1 + iϕ) σ
√

τ ]k∑n
k=0

ρk

k! (σ
√

τ)k .

(N.1)

Then we can obtain the moment generating function (i.e., MGF) with Gram-Charlier
density under S-measure by substitution method

MS(ϕ) ≡ ES
t

[
eϕRτ

]
= eϕµcτ+ 1

2 σ2τϕ(1+ϕ)
∑n

k=0
ρk

k! [(1 + ϕ) σ
√

τ ]k∑n
k=0

ρk

k! (σ
√

τ)k

= e
1
2 σ2τϕ2+(µc+ 1

2 σ2)τϕ

∑n
k=0

ρk

k! [(1 + ϕ) σ
√

τ ]k∑n
k=0

ρk

k! (σ
√

τ)k .

(N.2)

Thus, the cumulant generating function (i.e., CGF) with Gram-Charlier density under
S-measure is given by the logarithm of the corresponding moment generating function

KS(ϕ) ≡ ln MS(ϕ)

= 1
2σ2τϕ2 +

(
µc + 1

2σ2
)

τϕ + ln
n∑

k=0

ρk

k!
[
(ϕ + 1) σ

√
τ
]k

− ln
n∑

k=0

ρk

k!
(
σ

√
τ
)k

.

(N.3)
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O Proof of Equation (23)
Proof.

KQ(ϕ)

= 1
2σ2τϕ2 +

(
µc − 1

2σ2
)

τϕ + ln
n∑

k=0

ρk

k!
(
ϕσ

√
τ
)k

= 1
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(
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2σ2
)

τϕ + ln
[
1 +

n∑
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ρk

k!
(
ϕσ

√
τ
)k
]

= 1
2σ2τϕ2 +

(
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2σ2
)

τϕ

+
[
ρ3

3!
(
σ

√
τ
)3

ϕ3 + ρ4

4!
(
σ

√
τ
)4

ϕ4 + · · ·
]

− 1
2

[
ρ3

3!
(
σ

√
τ
)3

ϕ3 + ρ4
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(
σ

√
τ
)4
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]2

+ 1
3

[
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(
σ

√
τ
)3

ϕ3 + ρ4
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(
σ

√
τ
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]3
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4

[
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(
σ

√
τ
)3
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(
σ

√
τ
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]4

+ · · ·
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(
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3!
(
σ

√
τ
)3
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√
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√
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= 1
2σ2τϕ2 +
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(O.1)
where
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refers to the partial or incomplete exponential Bell polynomials.
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P Proof of Equation (28)
Proof.
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(P.1)
where

Bq,h (0, 0, ρ3, · · · , ρn) =
∑
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refers to the partial or incomplete exponential Bell polynomials.

Q Proof of Proposition 5
Proof. By comparing Equation (33), (34), (35) and (36) with Equation (37), (38), (39) and
(40), we are able to investigate the relationships between cumulants with Gram-Charlier
density under Q-measure and S-measure.

When m = 0, 1, 2, we have
κS

0 = κQ
0 = 0, (Q.1)

κS
1 = κQ

1 + σ2τ +
+∞∑
q=3

1
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(
σ

√
τ
)q
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When m ≥ 3,
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3! + · · ·

=
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κQ
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q! .

(Q.4)
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It is obvious that the cases m = 1, 2 are also consistent with Equation (Q.4), then we
can combine them together.

Hence, the relationships between cumulants with Gram-Charlier density under Q-
measure and S-measure are given by

when m = 0,
κS

0 = κQ
0 , (Q.5)

when m ≥ 1,

κS
m =

+∞∑
q=0

κQ
m+q

q! . (Q.6)
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	\section{Introduction}\label{sec:1 - Intro}	
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	%%		\citeauthoryear{gallant1989seminonparametric} describe deviations from normality of innovations in a GARCH framework by using Gram-Charlier expansions. \citeauthoryear{abken1996estimation} approximate risk-neutral densities with the four-parameter Gram-Charlier expansion. In a similar framework, \citeauthoryear{knight2001pricing} use a Gram-Charlier expansion for the underlying asset to develop an option pricing model. 




  %%   The primary contribution of this paper is to xxxxx

   %   literature不可数，只能用单数
   
   %%  since for the standardized random variable, its third- and fourth-order cumulants are exactly the skewness and excess kurtosis, which are commonly used in financial applications.
   
   %The probability densities that deviate from the normal density by containing new information, such as moments or cumulants, can be approximated by the Gram-Charlier series expansion, where the third- and forth-order cumulants directly appear as parameters. 
   
   %% The majority of existing literature is restricted to truncating the series expansion until the fourth moment or cumulant.
   
   
   This paper is the first to present an option pricing formula under Gram-Charlier density of arbitrary order with the analytic and explicit expression for the probabilities that options will be exercised under share measure and risk-neutral measure. The Gram-Charlier density applied in option pricing is able to extend the normally distributed return in the \citeauthoryear{black1973pricing} model to include higher order cumulants, which are related to the parameters implied by the Gram-Charlier density. The majority of existing literature is restricted to truncating the series expansion until the fourth moment or cumulant, and following the \citeauthorsyear{longstaff1995option} martingale restriction, \citeauthoryear{kochard1999option}, \citeauthoryear{schlogl2013option}, \citeauthoryear{aschakulporn2022bakshi}, and \citeauthoryear{aschakulporn2022bakshi-paper} propose an option pricing formula with the untruncated Gram-Charlier series expansion; however, the probabilities that options will be exercised under share measure and risk-neutral measure are hidden in their representations rather than intuitively given as in \citeauthorsyear{bakshi2000spanning} formula, while the latter is not analytic due to the existence of integral and complex number. By investigating the properties of Hermite polynomials, we develop an analytic and explicit expression, and thereby derive the hedging ratio under Gram-Charlier density and discover the relationship between the cumulants with Gram-Charlier density under different measures.
   
	

	
	
	The Gram-Charlier series expansion was established at the beginning of the 19th century, and since then, has been commonly employed in a variety of fields, such as statistics, mathematics, physics, and finance. The applications of Gram-Charlier densities in finance mainly focus on asset or option pricing by modelling risk-neutral asset price distributions. The dominant reasons that the Gram-Charlier density has been widely used in option pricing are because: it is an extension of the normal density where the skewness and excess kurtosis that directly appear as parametrical coefficients; non-normal skewness and kurtosis of the underlying asset significantly contribute to the phenomenon of the volatility smile, and the impact of any order cumulant on implied volatility curve can be directly observed; compared with other
	more advanced option pricing models (such as affine jump-diffusion
	model), the Gram-Charlier density can give us a parsimonious option
	pricing formula with arbitrary level of truncation. The option pricing framework pioneered in \citeauthoryear{black1973pricing} and \citeauthoryear{merton1973theory} is a pillar of modern finance theory. The Gram-Charlier-type expansions in early studies of empirical finance have been used as a semi-nonparametric device to overcome the restriction imposed by the usual normality assumption.  \citeauthoryear{jarrow1982approximate} are the first to develop a density expansion approach to option pricing by nesting the \citeauthoryear{black1973pricing} model within an integrated Gram-Charlier series expansion of a log-normal density, and they show how a given stochastic process of an underlying security can be approximated by an arbitrary distribution in terms of a series expansion involving second and higher moments. Similar to \citeauthoryear{jarrow1982approximate}, \citeauthoryear{corrado1996skewness} derive an option pricing formula that nests the \citeauthoryear{black1973pricing} model within an integrated Gram–Charlier series expansion of a normal density, which is used in empirical specification tests of the \citeauthoryear{black1973pricing} model. Due to the non-standard definition of the Hermite polynomial, there exists an error in \citeauthoryear{corrado1996skewness} and is later corrected by \citeauthoryear{brown2002skewness}. \citeauthoryear{madan1994contingent} develop an expansion to approximate a risk-neutral density function, and \citeauthoryear{abken1996estimation} implement this expansion to estimate risk factors embedded in observed option prices. Under the Gram–Charlier option pricing framework, \citeauthoryear{ane1999pricing} and \citeauthoryear{jondeau2001gram} adapt the methodology of \citeauthoryear{madan1994contingent} to empirical tests involving S$\&$P 500 index options and Franc/Mark exchange rate options, respectively. \citeauthoryear{longstaff1995option} finds martingale violations in S$\&$P 100 index option prices using a pricing model based on a Gram–Charlier expansion of a normal density function.  \citeauthoryear{kochard1999option}, \citeauthoryear{knight2001pricing}, and \citeauthoryear{backus2004accounting} propose a method to impose a martingale restriction on the formula of \citeauthoryear{corrado1996skewness}. \citeauthoryear{jurczenko2004note} provide a broad overview of the Gram–Charlier density expansion approach to option valuation along with several key extensions. \citeauthoryear{ki2005option} construct a flexible option pricing model based on a mixture of Gram–Charlier density expansions. \citeauthoryear{corrado2007hidden} focuses on a method to impose a martingale restriction in an option pricing model developed from the Gram–Charlier density expansion. \citeauthoryear{tamaki2007higher} link the Gram–Charlier density expansion approach to time series moment estimates. \citeauthoryear{tanaka2010applications} use the Gram-Charlier expansion under one forward measure rather than many forward measures and obtain approximate solutions for a larger class of interest-rate- and credit-risk-contingent claims. \citeauthoryear{schlogl2013option} introduces the techniques used for option pricing where the standardised distribution of the logarithmic price of the underlying asset is given by a full Gram-Charlier Type A series expansion. \citeauthoryear{lin2015option} develop a truncated Gram–Charlier expansion option pricing model and find it overall performs the best when compared to four prevalent option pricing models. \citeauthoryear{chateau2017gram} show how Gram-Charlier distributions can be simulated, opening up the use of Monte-Carlo methods for pricing vanilla and exotic options. \citeauthoryear{aschakulporn2022bakshi-paper} examine the \citeauthoryear{bakshi2003stock} (BKM) risk-neutral estimators with explicit skewness and kurtosis as both the input and benchmark and finds the condition of strike prices required to bound the errors of skewness.
     
     
    
     
     
	%    The applications of these GC densities in finance, mainly for asset or option pricing, have not usually considered expansions beyond the fourth order (e.g., for expansions defined in terms of a couple of moments, usually skewness and kurtosis). Our goal in this paper is to fill the vacuum.
	
    %	However, the majority of existing literature is restricted to truncating the series expansion until the fourth moment.
	
	  
	 Nevertheless, there is a considerable body of literature restricted to truncating the series expansion until the fourth order. As a polynomial approximation, once it is truncated, Gram-Charlier density may not always be valid (i.e., strictly nonnegative) for all values of its parameters in the parametric space. Without keeping the positivity of a truncating Gram-Charlier density, there might be inconsistencies among option prices. To overcome the shortcoming, \citeauthoryear{barton1952conditions} obtain the conditions on parameters to guarantee positive definiteness of the underlying densities through a numerical method. \citeauthoryear{jondeau2001gram} build on the work of \citeauthoryear{barton1952conditions} and indicate how it is numerically possible to restrict parameters. \citeauthoryear{kwon2022analytic} is the first to establish a direct relationship between the skewness and kurtosis, and gives an analytical expression on the polynomial equations to determine the positive definite and unimodal regions for Gram-Charlier density. \citeauthoryear{lin2022valid} focus on Gram–Charlier densities to show how the valid region of higher moments or cumulants can be numerically implemented by semidefinite programming, which ensures that a series truncated at a cumulant of an arbitrary even order represents a valid probability density. \citeauthoryear{lin2023further} further explore into the same problem.
	 
	 
	 
	 %     本文几个contribution体现new formula，然后证明和之前的相等，并且BM structure 受欢迎的原因是π的含义直观体现（不同的measure）, 然后给出了delta不是之前的BS的那样，然后一定记得提及鲜少有人研究share measure?? 此文还研究了cumulants在不同measure下的关系，提供了更全面的了解
	 
	 
	 %% In order to fill the vacuum, this paper presents a new option pricing formula under Gram-Charlier density of arbitrary truncation level with an analogous structure to \citeauthorsyear{bakshi2000spanning} formula, where the probability that options will be exercised under share measure and risk-neutral measure can be explicitly expressed; compared with \citeauthorsyear{bakshi2000spanning} formula, we develop an analytic expression by investigating the properties of Hermite polynomials.
	 
	 
	 In this paper, the primary contribution is that we develop a new form of option pricing formula under Gram-Charlier density of arbitrary order, where the probabilities that options will be exercised under share measure and risk-neutral measure (namely, $\Pi_1$ and $\Pi_2$, respectively) can be expressed both analytically and explicitly. Compared with other option pricing formulas using the untruncated Gram-Charlier series expansion presented in previous literature, such as \citeauthoryear{kochard1999option}, \citeauthoryear{schlogl2013option},  \citeauthoryear{aschakulporn2022bakshi}, and \citeauthoryear{aschakulporn2022bakshi-paper}, $\Pi_1$ and $\Pi_2$ can be intuitively given in our formula instead of being hidden; compared with \citeauthorsyear{bakshi2000spanning} formula, we specify the characteristic function under Gram-Charlier density, and the advantage of our formula is its analytic expression, which is derived by investigating the properties of Hermite polynomials. The second contribution in this paper is we find that the hedging ratio, $\Delta^{GC}$, of the option pricing formula under Gram-Charlier density, is equal to $\Pi_1$. In addition, we demonstrate the equivalence between the \citeauthorsyear{bakshi2000spanning} formula and our formula (as well as the other formulas with arbitrary truncation level mentioned above). Finally, to help users have a deeper understanding of the share measure, we further investigate the relationship between the cumulants with Gram-Charlier density under share measure and risk-neutral measure.

	
	
    The remainder of this paper is organized as follows. Section \ref{sec:2-GC Density&Hermite polynomials} provides some necessary mathematical foundations of Gram-Charlier density and introduces some useful properties of Hermite polynomials. In Section \ref{sec:5 - c_t Under GC Density}, we present three different forms of option pricing formulas under Gram-Charlier density of arbitrary order and demonstrate their equivalence, and also derive the hedging ratio of the option pricing formula under Gram-Charlier density. In Section \ref{sec:6 - kappa under different measures}, we further investigate the cumulants with Gram-Charlier density under share measure and risk-neutral measure. Conclusions are offered in Section \ref{sec:Conclusion}. The appendix gives the details of key derivations.
	
	
	\section{Mathematical Background}\label{sec:2-GC Density&Hermite polynomials}
	
	
	\subsection{The Gram-Charlier Density}\label{sec:2.1}
	

	The Gram-Charlier series can be applied in option pricing by using the densities to extend the normally distributed return in the \citeauthoryear{black1973pricing} model to include higher-order cumulants. 
     The full (i.e. untruncated) Gram-Charlier series expansion allows the user to choose an arbitrary level of truncation. We start by introducing the mathematical definitions and notations of the Gram-Charlier density. 
     
  

    \begin{definition} \label{def-fy-GCpdf}
    
    
    $f(y)$ is defined to be the probability density function of the random variable $Y$. Under sufficient conditions (given by \citeauthoryear{cramer1926some}): (i)$f'(y)$ exists and is continuous, (ii)$\lim_{\left| y \right| \to + \infty} f(y) = 0$ and (iii)$\int_{- \infty}^{+ \infty} \left[  f'(y) \right]^2 \exp \left[  \left( 1/2 \right) \cdot y^2  \right]  dy $ is finite, the probability density of $Y$ can be expressed as the following full Gram-Charlier series expansion
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation2.1-1}
    		f(y) 
    		&=  \sum_{k=0}^{+ \infty} \frac{\rho_k}{k!} He_k(y) \phi(y) \\
    		&= \sum_{k=0}^{+ \infty} \frac{\rho_k}{k!} \frac{(-1)^k}{\phi(y)} \frac{d^k \left[ \phi(y) \right]   }{d y^k} \phi(y) \\
    		&= \sum_{k=0}^{+ \infty} \frac{\rho_k}{k!} (-1)^k \phi^{(k)}(y),
    	\end{aligned}
    \end{equation}
    where $k!$ is the factorial of $k$, $\phi(y)= \frac{1}{\sqrt{2 \pi}} \exp \left( - \frac{y^2}{2} \right) $ is the standard normal density function, $He_k(y)$ is the $k$-th order Hermite polynomial defined by $ He_k(y)  \equiv  (-1)^k  \frac{ \phi^{(k)}(y) }{ \phi(y)  } $, and $\rho_k$ is the coefficient.
    
     \end{definition}
    
    
    Higher order Hermite polynomials can be obtained recursively using $$ He_k(y)=yHe_{k-1}(y) - (k-1)He_{k-2}(y). $$ 
    
    Expressions of Hermite polynomials up to the order of $6$ are given as examples here
     \begin{equation*}
    	\begin{aligned}
    		\label{e:equation2.1-2}
    		He_0(y) &= 1 , \\
    		He_1(y) &= y ,  \\
    		He_2(y) &= y^2-1 , \\
    		He_3(y) &= y^3-3y , \\
    		He_4(y) &= y^4-6y^2+3 , \\
    		He_5(y) &= y^5-10y^3+15y , \\
    		He_6(y) &= y^6-15y^4+45y^2-15.
    	\end{aligned}
    \end{equation*}
 
 
    The coefficients, $\rho_k$, in Equation \eqref{e:equation2.1-1} are derived from the following orthogonality property of Hermite polynomials
    \begin{equation*}
    	\begin{aligned}
    		\label{e:equation2.1-3}
    		\int_{- \infty}^{+ \infty}  He_k(y)He_j(y) \phi(y) dy
    		= \left\lbrace \begin{array}{l}  k!, \; k=j \\
    			0,  \; k \neq j 
    		\end{array}
    		\right. .
    	\end{aligned}
    \end{equation*}
    
     Multiplying both sides of the first line in Equation \eqref{e:equation2.1-1} by $He_k(y)$ and integrating over all $y$ yields 
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation2.1-4}
    		\int_{- \infty}^{+ \infty}  He_k(y) f(y) dy 
    		&=  \int_{- \infty}^{+ \infty}  He_k(y)  \left[  \sum_{j=0}^{+ \infty} \frac{\rho_j}{j!} He_j(y) \phi(y) \right]  dy \\
    		&=  \int_{- \infty}^{+ \infty} \frac{\rho_k}{k!}  He_k(y) He_k(y)  \phi(y) dy  \\
    		&= \rho_k .
    	\end{aligned}
    \end{equation}
    
    
    
    The coefficients $\rho_k$ through $k=6$ for some standardized random variable are
    \begin{equation*}
    	\begin{aligned}
    		\label{e:equation2.1-5}
    		\rho_0 &= 1 , \\
    		\rho_1 &= 0 ,  \\
    		\rho_2 &= 0, \\
    		\rho_3 &= \mu_3 =  \kappa_3  , \\
    		\rho_4 &= \mu_4 - 3 =  \kappa_4 , \\
    		\rho_5 &= \mu_5 - 10 \mu_3 =  \kappa_5 , \\
    		\rho_6 &= \mu_6 - 15 \mu_4 + 30  =  \kappa_6 + 10 \kappa^2_3 ,
    	\end{aligned}
    \end{equation*}
    where $\mu_k$ denotes the $k$-th moment about the mean (i.e., the $k$-th central moment), and $\kappa_k$ denotes the $k$-th cumulant. \footnote{For the standardized random variable $Y$, the relationship between the coefficient $\rho_k$ and the $k$-th central moment $\mu_k$ is given by Equation \eqref{e:equation2.1-4} with $\mu_k = E(Y^k)$. The relationship between $\rho_k$ and the $k$-th cumulant $\kappa_k$ can be obtained by using the cumulant generating function, and the detailed derivations will be provided in Section \ref{sec:6 - kappa under different measures}.}
    
    
    Hence, the resulting $n$-th order approximation to a density function is 
    $$  f(y) =  \sum_{k=0}^{n} \frac{\rho_k}{k!} He_k(y) \phi(y) = \left[ 1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} He_k(y)  \right] \phi(y). $$
    
    
    
    
   	\subsection{Hermite Polynomials}
    
     Before constructing the models of stock price and option price under Gram-Charlier density, it is necessary to introduce some important properties of Hermite polynomials.
    
    \begin{lemma} \label{lem-He-sum}
    	
    	The summation form of Hermite polynomial is given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation2.2-1}
    			He_k(y)
    			& = \sum_{m=0}^{ \left \lfloor  \frac{k}{2} \right  \rfloor  } C^{2m}_{k} (-1)^{m} 
    			(2m-1)!! y^{k-2m} 
    			= \sum_{m=0}^{ \left \lfloor  \frac{k}{2} \right  \rfloor  }  \frac{  k!  }{ 2^{k}  m! (k-2m)!  } (-1)^{m}  y^{k-2m} 
    			,
    		\end{aligned}
    	\end{equation}
    	where $He_k(y)$ is the $k$-th order Hermite polynomial, $C^{2m}_{k} = \frac{  k!  }{  (2m)! (k-2m)!  } $ is a combinatorial number, $\left \lfloor  \cdot \right  \rfloor$ means the floor function of  ``$\cdot$'' (i.e., the largest integer that is less than or equal to  ``$\cdot$''), ($\cdot$)! and ($\cdot$)!! are the factorial and double factorial of  ``$\cdot$'', respectively.
    	
  
    	
    	
    \end{lemma}
    
    
    
       \begin{proof}
    	
    	See Appendix \ref{appendix-lem-He-sum}.
    	
    	
    \end{proof}
    
    
    
    
    
    
      \begin{lemma} \label{lem-He-int}
    	
    	The integral form of Hermite polynomial is given by
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation2.2-2}
    		He_k(y)
    		= \int_{- \infty}^{+ \infty} (it+y)^{k} \phi(t) dt
    		,
    	\end{aligned}
    \end{equation}
    where $He_k(y)$ is the $k$-th order Hermite polynomial, $i$ is the imaginary unit with $i^2 = -1$, and $\phi(t)= \frac{1}{\sqrt{2 \pi}} \exp \left( - \frac{t^2}{2} \right) $ is the standard normal density function.
    
    	
    	
    \end{lemma}
    
    
      \begin{proof}
    	
    	See Appendix \ref{appendix-lem-He-int}.
    	
    \end{proof}
    
    \begin{remark}   \label{rem-He-int}
    	
    	\normalfont
    	
      Equation \eqref{e:equation2.2-1} and \eqref{e:equation2.2-2} are two different forms of Hermite polynomials. Since we need the result of Lemma \ref{lem-He-sum} to prove Lemma \ref{lem-He-int}, and Lemma \ref{lem-He-int} will be used frequently in the later proofs of this paper, we give our own proofs here. 
    	
    	
    	
    \end{remark}
    
    
    
      \begin{lemma} \label{lem-He-y+deltay}
    	
    	A useful formula to transform the increment in Hermite polynomial is given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation3.1-3}
    			He_k(y + \Delta y)
    			 = \sum_{m=0}^{k}  ( \Delta y)^m  C^{m}_{k}  He_{k-m}(y)   
    			.
    		\end{aligned}
    	\end{equation}
    	
    	
    \end{lemma}
    
    
    \begin{proof}
    	
    	See Appendix \ref{appendix-lem-He-y+deltay}.
    	
    \end{proof}
    
     \begin{remark}   \label{rem-He-y+deltay-1}
    	
    	\normalfont
    	
    	
    	Since there exist two forms of binomial expansion  $$(a+b)^n=\sum_{m=0}^{n}   C^{m}_{n}  a^{m}  b^{n-m} = \sum_{m=0}^{n}   C^{m}_{n}  a^{n-m}  b^{m} , $$
    	Equation \eqref{e:equation3.1-3} can also be written as
    	$$ He_k(y + \Delta y)
    	= \sum_{m=0}^{k}  ( \Delta y)^{k-m}  C^{m}_{k}  He_{m}(y)   . $$
    	
  
    	
    \end{remark}
    
    \begin{remark}   \label{rem-He-y+deltay-2}
    	
    	\normalfont
    	
    	
    	Our Lemma \ref{lem-He-y+deltay} is consistent with Lemma 5.7 in \citeauthoryear{aschakulporn2022bakshi}, but we present our own proof here. 
    	
    	
    	
    \end{remark}
    
    
    
    
    \begin{lemma}  \label{lem-He-negy}
    	
    	Another useful formula to transform the negative sign in Hermite polynomial is given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation5.2-1}
    			He_k( -y )
    			= (-1)^k He_{k}(y)   
    			.
    		\end{aligned}
    	\end{equation}

    	
    \end{lemma}
    
    
    
    
    \begin{proof}
    	
    	See Appendix \ref{appendix-lem-He-negy}.
    	
    \end{proof}
     
     
     
     
      \begin{lemma}  \label{lem-He-Appell}
     	
     	Taking the derivative of Hermite polynomial gives
     	\begin{equation}
     		\begin{aligned}
     			\label{e:equation5.2-2}
     		   \frac{  d }{ d y} 	He_k( y )
     			= k He_{k-1}(y)   
     			.
     		\end{aligned}
     	\end{equation}
     	
     	
     \end{lemma}
     
     
     
     
     \begin{proof}
     	
     	See Appendix \ref{appendix-lem-He-Appell}.
     	
     \end{proof}
     
     
     \begin{remark}   \label{rem-He-Appell}
     	
     	\normalfont
     	
     	
     	Our Lemma \ref{lem-He-Appell} is consistent with Lemma 5.3 in \citeauthoryear{aschakulporn2022bakshi}, but we present our own proof here. The sequence that satisfies Equation \eqref{e:equation5.2-2} is called an Appell sequence.
     	
     	
     	
     \end{remark}
     
     
     
    
    
    
    	
    
    
    
    
    
    
    
   
  	\section{Option Price under Gram-Charlier Density}\label{sec:5 - c_t Under GC Density}
  
  
    \subsection{Stock Price under Gram-Charlier Density}
    The difference between the stock price model with the normal density and the Gram-Charlier density is whether the convexity adjustment term equals zero or not. By following the definition of the stock price under Gram-Charlier density in \citeauthoryear{zhang2008implied}, we specify the underlying stock price at maturity in Definition \ref{def-St}. 
    
    
    \begin{definition} \label{def-St}
    	
    	In a risk-neutral world, the underlying stock price at maturity is modelled by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation4.1-1}
    			S_T
    			&= S_t   e^{  \left(  \mu_c + r -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y   }  \\
    			&= F^{T}_t e^{  \left(  \mu_c -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y   } ,
    		\end{aligned}
    	\end{equation}
    	where $S_t$ is the current underlying stock price at time $t$, $\mu_c$ is the convexity adjustment term, $r$ is the risk-free interest rate, $\sigma$ is the volatility, $\tau = T-t$ is the time to maturity, $F^T_t = S_t e^{ r \tau}$ is the forward price at time $t$, and $Y$ is a standardized random variable with the density function $f(y) = \left[ 1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} He_k(y)  \right] \phi(y)$.
    	
    	
    \end{definition}
    
    
    In the no-arbitrage risk-neutral valuation framework, there exists the  martingale restriction (i.e., the martingale condition) proposed by \citeauthoryear{longstaff1995option} and \citeauthoryear{backus2004accounting} that need to be required.
    
    \begin{lemma}   \label{lem-muc}
    	
    	The martingale condition in risk-neutral probability measure, $E^{\mathcal{Q}}_t \left[     S_T  \right]   = F^T_t$, determines the convexity adjustment term, given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation4.1-2}
    			\mu_c
    			&= - \frac{1}{\tau} \ln  \left[    1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right]  .
    		\end{aligned}
    	\end{equation}
    	
    \end{lemma}
    
    
    \begin{proof}
    	
    	See Appendix \ref{appendix-lem-muc}.
    	
    \end{proof}
    
    
    \begin{remark}   \label{rem-muc}
    	
    	\normalfont
    	
      If $Y$ is normally distributed, then $\rho_k = 0$, for $k = 3, 4, ..., n$ and $\mu_c = 0$, Equation \eqref{e:equation4.1-1} degenerates to the \citeauthoryear{black1973pricing} model.
    	
    	
    	
    \end{remark}
    
    
    
    
    
    Following the stock price under Gram-Charlier density defined by Equation \eqref{e:equation4.1-1}, the price of a European call option under Gram-Charlier density can be calculated with the \citeauthoryear{harrison1979martingales} and \citeauthoryear{harrison1981martingales} risk-neutral valuation formula. Based on this valuation formula, it is possible to generate different forms of the option pricing formula under Gram-Charlier density using different methods. One way is to apply the properties of Hermite polynomials and combinatorial numbers, while the other is to implement inverse Fourier transformations.
  
    
   
  	
  	\subsection{The Option Pricing Formula under Gram-Charlier Density}\label{sec-ct-sum}
  	
  	
  	\citeauthoryear{kochard1999option} first propose an option pricing formula with the untruncated Gram-Charlier series expansion, which can be regarded as a generalization of \citeauthoryear{black1973pricing} formula. Later on, \citeauthoryear{schlogl2013option},  \citeauthoryear{aschakulporn2022bakshi}, and \citeauthoryear{aschakulporn2022bakshi-paper} present results that consistent with \citeauthorsyear{kochard1999option} formula. Although \citeauthoryear{kochard1999option} and \citeauthoryear{schlogl2013option} do not further simplify their final expressions, and \citeauthoryear{schlogl2013option} does not clarify the link between cumulants and coefficients of the Gram-Charlier density clearly, their option pricing formulas are essentially the same as \citeauthorsyear{aschakulporn2022bakshi} result. The option pricing formula under Gram-Charlier density in \citeauthoryear{aschakulporn2022bakshi} is given by
  	\begin{equation}
  		\begin{aligned}
  			\label{e:equation5.1-1}
  			c^{GC}_t
  			&= 	F^{T}_t  e^{- r \tau} N(d_1) - K e^{- r \tau} N(d_2) \\
  			& \phantom{0} \phantom{0}
  			- K e^{- r \tau} \phi(d_2)    \sum_{k=3}^{n} \left[   \frac{\rho_k}{k!}  (-1)^k   \sum_{m=1}^{k-1} C^{m-1}_{k-1} (- \sigma \sqrt{\tau})^m He_{k-m-1}(d_2 + \sigma \sqrt{\tau}) \right] 
  			,
  		\end{aligned}
  	\end{equation}
  	where 
  	$$d_2 = \frac{  \ln   \frac{F^T_t}{K}   +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }, d_1 = d_2 + \sigma \sqrt{\tau}, $$
  	$F^T_t = S_t e^{ r \tau}$ is the forward price at time $t$, $K$ is the strike price, $\mu_c$ is the convexity adjustment term given in Lemma \ref{lem-muc}, $r$ is the risk-free interest rate, $\sigma$ is the volatility, $\tau = T-t$ is the time to maturity, $N(\cdot)$ is the cumulative distribution function of some standard normal random variable, and $\phi(\cdot)$ is the probability density function of some standard normal random variable.
  	
  	
  	
  	%把Hermite新引理加在前面那章，然后引用？？搞清楚先后证明关系？？	
  	%把以下这个化简版的公式搞成lemma！！然后真正的form 1的证明和form 2以及此lemma联系起来！！重新规划一下三个公式的引出和证明顺序！！π的累和+积分形式证明相等容易，但蕴含在最难的那个证明中，应该form 1这章只涉及π累和形式与三项的累和形式，全为累和形式并证明相等？？
  	
  	
  	
  	The proof of Equation \eqref{e:equation5.1-1} is consistent with the proof of Proposition 5.4 in \citeauthoryear{aschakulporn2022bakshi}. By investigating the properties of combinatorial numbers and Hermite polynomials, we are able to simplify Equation \eqref{e:equation5.1-1}.
  	
  	
  	
  	
  	\begin{lemma}   \label{lem-ct-3parts}
  		
  		
  		The formula of the price of a European call option under Gram-Charlier density proposed by \citeauthoryear{aschakulporn2022bakshi} can be simplified as below
  		\begin{equation}
  			\begin{aligned}
  				\label{e:equation5.2-3}
  				c^{GC}_t 
  				&= 	F^{T}_t  e^{- r \tau} N(d_1) - K e^{- r \tau} N(d_2)  
  				- K e^{- r \tau} \phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!}  (-1)^k  \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m   He_{k-m-1}(d_2)  \right] 
  				.
  			\end{aligned}
  		\end{equation}
  		
  	\end{lemma}
  	
  	
  	
  	
  	\begin{proof}
  		
  		See Appendix \ref{appendix-lem-ct-3parts}.
  		
  	\end{proof}
  	
  	
  	
  	 According to \citeauthoryear{bakshi2000spanning}, the option pricing formula can be written as a two-term form containing ``$\Pi_1$" and ``$\Pi_2$". The probabilities that options will be exercised under share measure and risk-neutral measure (namely, $\Pi_1$ and $\Pi_2$, respectively) can be intuitively given in this form explains the popularity of this structure. Following the previous derivation, we are able to present a new form of option pricing formula under Gram-Charlier density of arbitrary order, where $\Pi_1$ and $\Pi_2$ can be explicitly expressed as well.
  	
  	
  	
  	\begin{proposition}  \label{prop-ct-sum}
  		
  		%%措辞直接改成之前没化简的版本！！强调一下European call！！
  		%%  可以用这个措辞！！"and therefore develop a new form of option pricing formula under Gram-Charlier density. "
  		
  		The price of a European call option under Gram-Charlier density can be computed with \citeauthoryear{harrison1979martingales} and \citeauthoryear{harrison1981martingales} risk-neutral valuation formula, given by
  		\begin{equation}
  			\begin{aligned}
  				\label{e:equation5.2-4}
  				c^{GC}_t
  				&=   F^T_t  e^{- r \tau}  \Pi_1  -  K  e^{- r \tau}  \Pi_2  
  				,
  			\end{aligned}
  		\end{equation}
  		where
  		$$  \Pi_1 =    N(d_1) +  e^{   \mu_c   \tau } \phi( d_1)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left[   \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h} \right]  ,$$
  		$$  \Pi_2 =    N(d_2) +  \phi(d_2)  \sum_{k=3}^{ n }     \left[    \frac{\rho_k}{k!}   He_{k-1}(-d_2)  \right]   , $$
  		$$d_2 = \frac{  \ln   \frac{F^T_t}{K}   +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }, d_1 = d_2 + \sigma \sqrt{\tau}, $$
  		$F^T_t = S_t e^{ r \tau}$ is the forward price at time $t$, $K$ is the strike price, $\mu_c$ is the convexity adjustment term given in Lemma \ref{lem-muc}, $r$ is the risk-free interest rate, $\sigma$ is the volatility, $\tau = T-t$ is the time to maturity, $N(\cdot)$ is the cumulative distribution function of some standard normal random variable, and $\phi(\cdot)$ is the probability density function of some standard normal random variable.
  		
  		
  	\end{proposition}
  	
  	\begin{proof}
  		
  		See Appendix \ref{appendix-prop-ct-sum}.
  		
  	\end{proof}
  	
  	
  	\begin{remark}   \label{rem-ct-sum}
  		
  		
  		\normalfont
  		
  		Our Proposition \ref{prop-ct-sum} presents a new form of option pricing formula under Gram-Charlier density of arbitrary order, which is equivalent to the previous three-term's formula proposed by \citeauthoryear{kochard1999option}, \citeauthoryear{schlogl2013option}, and \citeauthoryear{aschakulporn2022bakshi}. In order to implement this proof, the introduction of another form of option pricing formula under Gram-Charlier density is indispensable, and therefore we will show the equivalence later in Section \ref{sec-equivalence}.
  		
 
  		
  		
  	\end{remark}
  	
  	
  	
  	
  	
  	
  	 \subsection{Delta of the Option Pricing Formula under Gram-Charlier Density}
  	
  	
  	
  	\begin{lemma}  \label{lem-identity}
  		
  		
  		A useful identity involved in option pricing under Gram-Charlier density is given by
  		\begin{equation}
  			\begin{aligned}
  				\label{e:equation3.17-0}
  				F^T_t  e^{- r \tau}   \frac{   \partial \Pi_1   }{  \partial S_t    } 
  				-    K  e^{- r \tau}   \frac{   \partial \Pi_2   }{  \partial S_t    } 
  				=  0
  				,
  			\end{aligned}
  		\end{equation}
  		where 
  		$$  \Pi_1 =    N(d_1) +  e^{   \mu_c   \tau } \phi( d_1)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left[   \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h} \right]  ,$$
  		$$  \Pi_2 =    N(d_2) +  \phi(d_2)  \sum_{k=3}^{ n }     \left[    \frac{\rho_k}{k!}   He_{k-1}(-d_2)  \right]   , $$
  		$$d_2 = \frac{  \ln   \frac{F^T_t}{K}   +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }, d_1 = d_2 + \sigma \sqrt{\tau}, $$
  		$F^T_t = S_t e^{ r \tau}$ is the forward price at time $t$, $S_t$ is the underlying stock price modelled by Definition \ref{def-St}, $K$ is the strike price, $\mu_c$ is the convexity adjustment term given by Lemma \ref{lem-muc}, $r$ is the risk-free interest rate, $\sigma$ is the volatility, $\tau = T-t$ is the time to maturity, $N(\cdot)$ is the cumulative distribution function of some standard normal random variable, and $\phi(\cdot)$ is the probability density function of some standard normal random variable.
  		
  		
  		
  	\end{lemma}
  	
  	
  	\begin{proof}
  		
  		See Appendix \ref{appendix-lem-identity}.
  		
  	\end{proof}
  	
  	
  	\begin{remark}   \label{rem-ct-identity}
  		
  		
  		\normalfont
  		
  		Note that
  		$$   \frac{   \partial \Pi_1   }{  \partial S_t    }  
  		=   \phi(d_1)    e^{   \mu_c   \tau }  
  		\left[ 
  		1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
  		\right] 
  		\frac{  \partial  d_1  }{ \partial  S_t } 
  		=  e^{   \mu_c   \tau }  
  		\left[ 
  		1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
  		\right]     \frac{   \partial N(d_1)    }{  \partial S_t    }  , $$
  		and
  		$$   \frac{   \partial \Pi_2   }{  \partial S_t    }  
  		=   \phi(d_2)    
  		\left[ 
  		1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
  		\right] 
  		\frac{  \partial  d_2  }{ \partial  S_t } 
  		= \left[ 
  		1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
  		\right]   \frac{   \partial N(d_2)    }{  \partial S_t    }  ,  $$
  		which have been shown in the proof of Lemma \ref{lem-identity}.
  		
  		 If $Y$ is normally distributed, then $\rho_k = 0$, for $k = 3, 4, ..., n$ and $\mu_c = 0$, we have
  		 $\frac{   \partial \Pi_1   }{  \partial S_t    }  =   \frac{   \partial N(d_1)    }{  \partial S_t    }   $ and $ \frac{   \partial \Pi_2   }{  \partial S_t    }  =    \frac{   \partial N(d_2)    }{  \partial S_t    }  $.
  		
  		
  		
  		
  	\end{remark}
  	
  	
  	
  	
  	\begin{proposition}  \label{prop-delta}
  		
  		
  		
  		The delta (i.e., the hedging ratio), $\Delta^{GC}$, of the option pricing formula under Gram-Charlier density for a European call is given by 
  		\begin{equation}
  			\begin{aligned}
  				\label{e:equation3.17-1}
  				\Delta^{GC}
  				\equiv  \frac{  \partial c^{GC}_t   }{ \partial  S_t }  
  				=    \Pi_1
  				,
  			\end{aligned}
  		\end{equation}
  		where  $c^{GC}_t$ denotes the price of a European call option under Gram-Charlier density given in Proposition \ref{prop-ct-sum}, $S_t$ means the underlying stock price under Gram-Charlier density modelled by Definition \ref{def-St}, and
  		$$  \Pi_1  =    N(d_1) +  e^{   \mu_c   \tau } \phi( d_1)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left[   \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h} \right]  . $$
  		
  		
  		
  		
  		
  	\end{proposition}
  	
  	
  	\begin{proof}
  		
  		See Appendix \ref{appendix-prop-delta}.
  		
  	\end{proof}
  	
  	
  	
  	
  
  	

  	
    
 
    
    
    
    
    \subsection{An Alternative Option Pricing Formula under Gram-Charlier Density}
    
    
    
     The return is generally constructed in terms of the stock price $S_t$, and the log-return of the \citeauthoryear{black1973pricing} model is normally distributed. The Gram-Charlier series can be applied in option pricing by using the densities to extend the normally distributed return in \citeauthoryear{black1973pricing} model to include higher-order cumulants. For notational convenience, here and hereafter, we construct the log-return under Gram-Charlier density in terms of the forward price $F^T_t$.
    
    
    \begin{definition}  \label{def-Rtau-logreturn}
    	
    	
    	The log-return $R_\tau$ under Gram-Charlier density is defined by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation5.3-1*}
    			R_\tau
    			&= \ln \frac{S_T}{F^T_t}   \\
    			&=  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y   
    			,
    		\end{aligned}
    	\end{equation}
    	where
    	$$\mu_c = - \frac{1}{\tau} \ln  \left[  1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right], $$
    	and $Y$ is the standardized random variable with the probability density function $f(y)$ of the form
    	$$f(y) = \sum_{k=0}^{n} \frac{\rho_k}{k!} (-1)^k \phi^{(k)}(y)=  \sum_{k=0}^{n} \frac{\rho_k}{k!} He_k(y) \phi(y) = \left[ 1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} He_k(y)  \right] \phi(y). $$
    	
    	
    \end{definition}
    
    Given the log-return under Gram-Charlier density, we are able to derive the representation of the characteristic function under Gram-Charlier density.
    
    
    \begin{lemma}  \label{lem-fphi-chf}
    	
    	The characteristic function of the random variable $R_\tau=\ln \frac{S_T}{F^T_t}$ under Gram-Charlier density is given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation5.3-2*}
    			f( \phi )
    			&\equiv  E^{\mathcal{Q}}_t \left[ e^{i \phi R_\tau }  \right]    \\
    			&=    e^{  i  \phi    \mu_c    \tau  -  \frac{1}{2} \sigma^2 \tau  i  \phi  \left( 1 - i  \phi \right)   }    \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(  i  \phi   \sigma \sqrt{\tau}  \right)^k  
    			.
    		\end{aligned}
    	\end{equation}
    	
    	
    \end{lemma}
    
    \begin{proof}
    	
    	See Appendix \ref{appendix-lem-fphi-chf}.
    	
    \end{proof}
    
    
    
    According to the new defined characteristic function with log-return as random variable, we are able to develop an alternative form of option pricing formula under Gram-Charlier density to the previous one.
    
    
    \begin{proposition}  \label{prop-ct-int}
    	
    	An alternative formula of the price of a European call option under Gram-Charlier density can be computed with \citeauthorsyear{bakshi2000spanning} formula, given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation5.3-3}
    			c^{GC}_t
    			&=   F^T_t  e^{- r \tau}  \Pi_1  -  K  e^{- r \tau}  \Pi_2  
    			,
    		\end{aligned}
    	\end{equation}
    	where 
    	$$ \Pi_j = \frac{1}{2} + \frac{1}{\pi}  \int_{0}^{+ \infty} \mathcal{R} \left[ \frac{f_j (\phi) \cdot e^{ - i \phi \ln \frac{K}{F^T_t} }}{i \phi} \right] d \phi , $$
    	$$ f_j (\phi) = \left\lbrace \begin{array}{l}  \frac{f(\phi - i)}{f(-i)}, \; j=1 \\
    		f(\phi),  \; j=2 
    	\end{array}
    	\right.  ,$$
    	$F^T_t = S_t e^{ r \tau}$ is the forward price, $K$ is the strike price, $r$ is the risk-free interest rate, $\tau = T-t$ is the time to maturity, $i$ is the imaginary unit with $i^2 = -1$, $ f(\phi) \equiv E^{\mathcal{Q}}_t \left[ e^{i \phi R_\tau}  \right]  $ is the characteristic function of log-return $R_\tau= \ln \frac{S_T}{F^T_t}$, and $\mathcal{R} \left[ \cdot \right] $ means the real part of some complex number.
    	
    	
    	
    \end{proposition}
    
    
     \begin{remark}   \label{rem-ct-int-trivial}
    	
    	\normalfont
    	
    	
      According to \citeauthoryear{bakshi2000spanning}, the representations of $\Pi_1$ and $\Pi_2$ are derived by using inverse Fourier transformations, which can be considered as a well-known result. Although $\Pi_j, j=1,2$ in \citeauthoryear{bakshi2000spanning} and in our Proposition \ref{prop-ct-int} are defined in terms of the stock price $S_t$ and the forward price $F^T_t$, respectively, they still have the same structure of representations. The proof is trivial, and thus it is omitted.
    	
    
    	
    \end{remark}
    
    
    \begin{remark}   \label{rem-ct-int}
    	
    	\normalfont
    	
    	
    	%改措辞xxxxxxxxx＋证明很trivial也要改！！
    	In Equation \eqref{e:equation5.3-3}, we use the same notations ``$\Pi_1$" and ``$\Pi_2$" as what we have defined in Equation \eqref{e:equation5.2-4}, because we will give a proof later (in Proposition \ref{prop-ct-sum=int}) showing that this form of option pricing formula under Gram-Charlier density is equivalent to the formula presented in Proposition \ref{prop-ct-sum}. Compared with the option pricing formula developed by \citeauthoryear{bakshi2000spanning}, we specify the characteristic function under Gram-Charlier density in our formula, which can be regarded as an alternative option pricing formula under Gram-Charlier density of arbitrary order.
    	
    	
    \end{remark}
    
    
    
    
    
   
  
  
  
   
  
  
  \subsection{Equivalence among Option Pricing Formulas under Gram-Charlier Density}\label{sec-equivalence}
  
  
  
  
     Now we are interested in whether these different forms of option pricing formula under Gram-Charlier density that presented in Lemma \ref{lem-ct-3parts}, Proposition \ref{prop-ct-sum} and Proposition \ref{prop-ct-int} are equivalent, as well as the relationship between different terms in different formulas. We first focus on two option pricing formulas given in Proposition \ref{prop-ct-sum} and Proposition \ref{prop-ct-int}.
     %%☆第二句项之间的关系改写！！改成是否和Beam等人另一个三项累和的公式，或者simplified版本的Lemma 7相等，是否三个不同形式能证明互相相等（记得强调证明form 1＝form 2的是最大contribution所以是prop 3，而证明三个相等与前人previous的形式or自己化简的Lemma 7形式相等就作为prop 3的remark！！）
     %后面的内容也改写！！把此prop 3简洁化？？项之间的关系可以也放在remark里面因为是涉及simplified版本/三项累和版本的内容！！所以放remark里！！
     
    
     \begin{proposition}  \label{prop-ct-sum=int}
    	
    	
    	The two forms of option pricing formula under Gram-Charlier density (given in our Proposition \ref{prop-ct-sum} and Proposition \ref{prop-ct-int}) are equivalent, that is, 
    	
    	%%此prop后加一个remark，说明要证明新的form 1等于form 2很容易，证两个form等于前人的simplified版本更复杂，但此prop还顺便证明了三个形式都相等！！互相一致！！
    	%此prop本身也加几句描述和previous proof相等？？即simplified Beam的公式，即我们的lemma 7？？
    	%证明里加上因为lemma 2变为summation form的几行，因为新的form 2只是summation form的π
    	%%项的结构关系可以保留，因为A和B要用来联系Lemma 7！！所以prop 3本身里面也加一句证了三个东西都相等以及揭示reveal了项之间的关系。只是3.4这一小节叫Form 1=Form 2而已！！标题只展示最大贡献？？
    	
    	
    	
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation3.13-1.0}
    			\Pi_1
    			&= 
    			N(d_1) +  e^{   \mu_c   \tau } \phi( d_1)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left[   \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h} \right]   \\
    			&= 
    			\frac{1}{2} + \frac{1}{\pi}  \int_{0}^{+ \infty} \mathcal{R} \left[ \frac{f_1 (\phi) \cdot e^{ - i \phi \ln \frac{K}{F^T_t} }}{i \phi} \right] d \phi 
    			,
    		\end{aligned}
    	\end{equation}
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation3.13-2.0}
    			\Pi_2 
    			&= 
    			N(d_2) +  \phi(d_2)  \sum_{k=3}^{ n }     \left[    \frac{\rho_k}{k!}   He_{k-1}(-d_2)  \right]  \\
    			&=    
    			 \frac{1}{2} + \frac{1}{\pi}  \int_{0}^{+ \infty} \mathcal{R} \left[ \frac{f_2 (\phi) \cdot e^{ - i \phi \ln \frac{K}{F^T_t} }}{i \phi} \right] d \phi 
    			,
    		\end{aligned}
    	\end{equation}
    	where 
    	$$ f_1 ( \phi )  =  e^{\mu_c \tau}  e^{ i  \phi  \left(  \mu_c  +   \frac{1}{2} \sigma^2    \right)  \tau   -    \frac{1}{2}   \phi^2  \sigma^2 \tau  }   \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left[   \left(  i  \phi +1  \right)   \sigma \sqrt{\tau}  \right] ^k ,$$
    	$$ f_2 ( \phi )  =  e^{\mu_c \tau}  e^{ i  \phi  \left(  \mu_c  -   \frac{1}{2} \sigma^2    \right)  \tau   -    \frac{1}{2}   \phi^2  \sigma^2 \tau  }   \sum_{k=0}^{ n }  \frac{\rho_k}{k!}    \left(  i  \phi    \sigma \sqrt{\tau}   \right) ^k .$$
    
    	
    	
    \end{proposition}
    
    \begin{proof}
    
    See Appendix \ref{appendix-prop-ct-sum=int}.
    
    \end{proof}
    
    
    Furthermore, considering that a simplified version of the three-term option pricing formula under Gram-Charlier density proposed by \citeauthoryear{aschakulporn2022bakshi} has been obtained in Section \ref{sec-ct-sum}, we can examine whether this form is also equivalent to the former two formulas.  
    
   
     \begin{corollary}   \label{coro-ct-sum=int=3parts}
   
    The simplified version of option pricing formula under Gram-Charlier density (given in Lemma \ref{lem-ct-3parts}), which consists of three terms, is equivalent to both of the two option pricing formulas under Gram-Charlier density (given in our Proposition \ref{prop-ct-sum} and Proposition \ref{prop-ct-int}).
    
    The relationship between terms in these three forms is given by
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation3.16-1}
    		c^{GC}_t 
    	    &= 	
    	    \underbrace{ F^{T}_t  e^{- r \tau} N(d_1) }_{Term \, 1}
    	    -   \underbrace{ K e^{- r \tau} N(d_2)   }_{Term \, 2}
    	    -   \underbrace{ K e^{- r \tau} \phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!}  (-1)^k  \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m   He_{k-m-1}(d_2)  \right]  }_{Term \, 3}  \\
    	   &=   \underbrace{  F^T_t e^{- r \tau} A_1  }_{Term \, 1}
    	   -   \underbrace{ K e^{- r \tau} A_2   }_{Term \, 2}
    	   - \underbrace{   \left(   K e^{- r \tau} B_2 - F^T_t e^{- r \tau} B_1 \right)  }_{Term \, 3}  \\
    	   &=  F^T_t e^{- r \tau} \underbrace{ \left( A_1 +  B_1  \right)   }_{\Pi_1}
    		- K e^{- r \tau} \underbrace{ \left( A_2 +  B_2  \right)   }_{\Pi_2}
    		,
    	\end{aligned}
    \end{equation}
    where 
    $$ A_1 :=      \frac{1}{2} + \frac{1}{2  \pi}   \int_{- \infty}^{+ \infty}  
    \frac{ e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }  }{    i  \phi  }  d \phi    =  N(d_1) , $$
    $$ B_1 :=  \frac{ e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty} e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }       \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \left(  i  \phi  \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^k \right]   d \phi  , $$
    $$ A_2 :=      \frac{1}{2} + \frac{1}{2  \pi}   \int_{- \infty}^{+ \infty}  
    \frac{  e^{  i  \phi  d_2   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }  }{  i  \phi   }  d \phi    =  N(d_2) , $$
    $$ B_2 :=  \frac{ 1   }{2  \pi}   \int_{- \infty}^{+ \infty} 
    \frac{   e^{  i  \phi  d_2   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }     }{ i  \phi    }
    \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}   \left(    i  \phi   \sigma \sqrt{\tau}   \right)^k  \right] d \phi  , $$
    $$  F^T_t  B_1 - K  B_2  = - K 	\phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!}  (-1)^k  \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m   He_{k-m-1}(d_2)  \right] .$$
    
    
     \end{corollary}
     
     
     
      \begin{remark}   \label{rem-ct-sum=int}
     	
     	
     	\normalfont
     	
     	Based on the proof of Proposition \ref{prop-ct-sum=int}, it is not too difficult to obtain Corollary \ref{coro-ct-sum=int=3parts}, and thus its proof is omitted.
     	
     	
     	%%☆3.4节第一段第二句项之间的关系改写！！改成是否和Beam等人另一个三项累和的公式，或者simplified版本的Lemma 7相等，是否三个不同形式能证明互相相等（记得强调证明form 1＝form 2的是最大contribution所以是prop 3，而证明三个相等与前人previous的形式or自己化简的Lemma 7形式相等就作为prop 3的remark！！）
     	
     	
     	
     \end{remark}
    	
    	
    	If the random variable $Y$ is normally distributed, then the higher order coefficients $\rho_k, k = 3, 4, ..., n$ defined in Definition \ref{def-fy-GCpdf} are all equal to zero, and therefore $\mu_c = 0$ and Equation \eqref{e:equation4.1-1} degenerates to the \citeauthoryear{black1973pricing} model. In this case, by comparing the corresponding option pricing formulas (i.e., the \citeauthoryear{black1973pricing} formula and the \citeauthorsyear{bakshi2000spanning} formula), we can find that $\Pi_1=N(d_1)$ and $\Pi_2=N(d_2)$ describe the probabilities that options will be exercised under share measure and risk-neutral measure, respectively. 
    	
    
    	
    	%%改写，说若是正态分布的，pdf不是GC那个公式1，则BS？？才有π等于N等等，可用句式It is known that, xxxx in BS formula xxxxx
    	%此段是用来引出measure的！！
    	 
    	
    	When the higher order coefficients $\rho_k \neq 0, k = 3, 4, ..., n$, even though $\Pi_1$ and $\Pi_2$ can still describe the probabilities that options will be exercised under the corresponding measures, $N(d_1)$ and $N(d_2)$ can no longer describe them. This is because $\Pi_1  \neq N(d_1)$ and $\Pi_2  \neq  N(d_2)$ in this case.
    	
    	
    	
    
    
    
    
    
    
    \section{Cumulants under Risk-neutral Measure and Share Measure}\label{sec:6 - kappa under different measures}	
    
    
    Given the characteristic functions $f_1 ( \phi )$ and $f_2 ( \phi )$ with log-return $R_{\tau}$ as random variable, we are able to compute the corresponding moment generating functions and cumulant generating functions under share measure and risk-neutral measure, and therefore determining the representations for the cumulants with Gram-Charlier density under different measures. In order to have a deeper understanding of the share measure, it is meaningful to investigate the relationship between the cumulants with Gram-Charlier density under share measure and risk-neutral measure.
    
    
    
    \subsection[Sec 4.1]{Cumulant Generating Functions with Gram-Charlier Density under $\mathcal{Q}$-measure and $\mathcal{S}$-measure}
      
    
     \begin{lemma}  \label{lem-KQ-CGF-Q}
    	
    	The cumulant generating function (i.e., CGF) of the random variable $R_\tau=\ln \frac{S_T}{F^T_t}  =  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y    $ with Gram-Charlier density under risk-neutral measure (i.e., $\mathcal{Q}$-measure) is given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation6.1-1}
    			K^{\mathcal{Q}}( \phi )
    			&=    \frac{1}{2} \sigma^2 \tau  \phi^2  
    			+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
    			+   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \phi   \sigma \sqrt{\tau}  \right)^k  
    			.
    		\end{aligned}
    	\end{equation}
    	
    	
    \end{lemma}
    
    \begin{proof}
    	
    	See Appendix \ref{appendix-lem-KQ-CGF-Q}.
    	
    \end{proof}
    
    
    
    
    
    \begin{lemma}  \label{lem-KS-CGF-S}
    	
    	The cumulant generating function (i.e., CGF) of the random variable $R_\tau=\ln \frac{S_T}{F^T_t}  =  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y  $ with Gram-Charlier density under share measure (i.e., $\mathcal{S}$-measure) is given by
    	\begin{equation}
    		\begin{aligned}
    			\label{e:equation6.1-2}
    			K^{\mathcal{S}}( \phi )
    			&=    \frac{1}{2} \sigma^2 \tau  \phi^2  
    			+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
    			+   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left[   \left(    \phi  +1  \right)  \sigma \sqrt{\tau} \right]^k  
    			-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k  
    			.
    		\end{aligned}
    	\end{equation}
    	
    	
    \end{lemma}
    
    \begin{proof}
    	
    	See Appendix \ref{appendix-lem-KS-CGF-S}.
    	
    \end{proof}
    
    
    
    In order to deal with the term $ \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \phi   \sigma \sqrt{\tau}  \right)^k  =  \ln  \left[   1  +   \sum_{k=3}^{n}  \frac{\rho_k}{k!}     \left(    \phi   \sigma \sqrt{\tau}  \right)^k   \right]   $  in Equation \eqref{e:equation6.1-1} and the term $ \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left[   \left(    \phi  +1  \right)  \sigma \sqrt{\tau} \right]^k    =  \ln \left\lbrace  1  +   \sum_{k=3}^{n}  \frac{\rho_k}{k!} \left[   \left(    \phi  +1  \right)  \sigma \sqrt{\tau} \right]^k     \right\rbrace  $  in Equation \eqref{e:equation6.1-2}, we consider applying Taylor expansion to these two logarithm terms, respectively.
    
    
    
    Thus, Equation \eqref{e:equation6.1-1} can be rewritten as follows
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-1-Bell}
    		  K^{\mathcal{Q}}( \phi )  
    		 &=   \frac{1}{2} \sigma^2 \tau  \phi^2  
    		 +  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi   \\
    		 & \phantom{0} \phantom{0} 
    		 +   \sum_{q=3}^{ + \infty }   \frac{ 1}{q!}   \left(      \sigma \sqrt{\tau}  \right)^q   \sum_{h=1}^{q} (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  \phi^q
    		,
    	\end{aligned}
    \end{equation}
    where 
    $$ B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  =  \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    } \frac{  q! }{h_3! h_4! \cdots  h_n!}    \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}    \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots    \left(    \frac{  \rho_n }{ n! } \right)^{h_n}       $$ refers to the partial or incomplete exponential Bell polynomials. \footnote{ See Appendix \ref{appendix-Eq-23} for the detailed derivation of Equation \eqref{e:equation6.1-1-Bell}.}
    
    %此处要不要强调n与k与k_xx为integer？？不过累和符号似乎隐含了上下为integer？？如果不考虑floor function那种特殊情况xxxxxx
    
 
    
    
    
    
    %Bell polynomial也在正文里引入？？但是不用作为什么lemma/definition之类的，作为第六章的衔接，因为实际上Q下的kappa已经要用Bell poly表示了，一共三个式子，而S下的kappa要求吗？？还是直接求与Q下kappa的关系式？？看IV+GC笔记最后几页逻辑到底怎么写的！！然后引入无穷递缩等比数列infinite shrink geometric progression吗？？
    %%下面一行这段话可能不是根据lemma 11，并且是否是m阶偏导要再考虑一下！！
    
    Based on Equation \eqref{e:equation6.1-1-Bell}, we are able to calculate the $m$-th order partial derivatives of the cumulant generating function under $\mathcal{Q}$-measure with respect to $\phi$, ($m=0, 1, 2, 3, \cdots $).
    
    When $m=0, 1, 2$, we have
    	\begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-3.0}
    	    K^{\mathcal{Q}}( \phi )
    		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
    		+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
    		+   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \phi   \sigma \sqrt{\tau}  \right)^k 
    		,
    	\end{aligned}
    \end{equation}
    	\begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-3}
    		\frac{  \partial    }{ \partial \phi } K^{\mathcal{Q}}( \phi )
    		&=   \sigma^2  \tau  \phi  
    		+   \left(  \mu_c -   \frac{1}{2} \sigma^2  \right) \tau    \\
    		& \phantom{0} \phantom{0} 
    		+   \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-1)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  \phi^{q-1}
    		,
    	\end{aligned}
    \end{equation}
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-4}
    		\frac{  \partial^2    }{ \partial \phi^2 } K^{\mathcal{Q}}( \phi )
    		&=  \sigma^2  \tau  
    		+   \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-2)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  \phi^{q-2}
    		.
    	\end{aligned}
    \end{equation}
    
    
    When $m \geq  3$, we have
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-5}
    	    \frac{  \partial^m    }{ \partial \phi^m } K^{\mathcal{Q}}( \phi )
    		&=     \sum_{q=m}^{  +  \infty}  \frac{ 1 }{  (q-m)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  \phi^{q-m}
    		.
    	\end{aligned}
    \end{equation}
    
    
    
    Similarly, Equation \eqref{e:equation6.1-2} can be rewritten as follows
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-2-Bell}
    	   K^{\mathcal{S}}( \phi )   
    		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
    		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
    		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k   \\
    		& \phantom{0} \phantom{0} 
    		+   \sum_{q=3}^{ + \infty }   \frac{ 1}{q!}   \left(      \sigma \sqrt{\tau}  \right)^q   \sum_{h=1}^{q} (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  (\phi + 1)^q
    		,
    		\end{aligned}
    	\end{equation}
    where 
    $$ B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  =  \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    } \frac{  q! }{h_3! h_4! \cdots  h_n!}    \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}    \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots   \left(    \frac{  \rho_n }{ n! } \right)^{h_n}       $$ refers to the partial or incomplete exponential Bell polynomials. \footnote{ See Appendix \ref{appendix-Eq-28} for the detailed derivation of Equation \eqref{e:equation6.1-2-Bell}.}
    
    
    Based on Equation \eqref{e:equation6.1-2-Bell}, we are able to calculate the $m$-th order partial derivatives of the cumulant generating function under $\mathcal{S}$-measure with respect to $\phi$, ($m=0, 1, 2, 3, \cdots $).
    
    When $m=0, 1, 2$, we have
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-6.0}
    		K^{\mathcal{S}}( \phi )
    		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
    		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
    		+   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left[   \left(    \phi  +1  \right)  \sigma \sqrt{\tau} \right]^k  
    		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k  
    		,
    	\end{aligned}
    \end{equation}
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-6}
    		\frac{  \partial    }{ \partial \phi } K^{\mathcal{S}}( \phi )
    		&=   \sigma^2  \tau  \phi  
    		+   \left(  \mu_c  +  \frac{1}{2} \sigma^2  \right) \tau    \\
    		& \phantom{0} \phantom{0} 
    		+   \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-1)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  (\phi + 1)^{q-1}
    		,
    	\end{aligned}
    \end{equation}
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-7}
    		\frac{  \partial^2    }{ \partial \phi^2 } K^{\mathcal{S}}( \phi )
    		&=  \sigma^2  \tau  
    		+   \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-2)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  (\phi + 1)^{q-2}
    		.
    	\end{aligned}
    \end{equation}
    
    
    When $m \geq  3$, we have
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.1-8}
    		\frac{  \partial^m    }{ \partial \phi^m } K^{\mathcal{S}}( \phi )
    		&=     \sum_{q=m}^{  +  \infty}  \frac{ 1 }{  (q-m)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  (\phi + 1)^{q-m}
    		.
    	\end{aligned}
    \end{equation}
    
   
    


    
    \subsection[Sec 4.2]{Cumulants with Gram-Charlier Density under $\mathcal{Q}$-measure and $\mathcal{S}$-measure}
    
    
    
     The corresponding cumulants under $\mathcal{Q}$-measure can be obtained by substituting $\phi = 0$ into Equation \eqref{e:equation6.1-3.0}, \eqref{e:equation6.1-3}, \eqref{e:equation6.1-4} and \eqref{e:equation6.1-5}, given by
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-1.0}
    		\kappa_0^{\mathcal{Q}}  
    		&=   \left.   K^{\mathcal{Q}}( \phi )  \right|_{\phi = 0} 
    		&=   0
    		,
    	\end{aligned}
    \end{equation}
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-1}
    		\kappa_1^{\mathcal{Q}}  
    		&=   \left.   \frac{  \partial    }{ \partial \phi } K^{\mathcal{Q}}( \phi )  \right|_{\phi = 0} 
    		&=      \left(  \mu_c -   \frac{1}{2} \sigma^2  \right) \tau   
    		,
    	\end{aligned}
    \end{equation}
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-2}
    		\kappa_2^{\mathcal{Q}} 
    		&=   \left.   \frac{  \partial^2    }{ \partial \phi^2 } K^{\mathcal{Q}}( \phi )  \right|_{\phi = 0} 
    		&=  \sigma^2  \tau  
    		.
    	\end{aligned}
    \end{equation}
    
    
    When $ m \geq  3$, we have
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-3}
    		\kappa_m^{\mathcal{Q}} 
    		&=   \left.   \frac{  \partial^m    }{ \partial \phi^m } K^{\mathcal{Q}}( \phi )  \right|_{\phi = 0} 
    		&=   \left(  \sigma \sqrt{ \tau}  \right)^m    \sum_{h=1}^{  m  }  (-1)^{h-1}  (h-1)!  B_{m, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  
    		.
    	\end{aligned}
    \end{equation}
    
    
    
    Here we give the examples for cumulants under $\mathcal{Q}$-measure from $m=3$ to $m=6$ of the random variable $R_\tau=\ln \frac{S_T}{F^T_t}  =  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y$ with Gram-Charlier density
    \begin{equation*}
    	\begin{aligned}
    		\label{e:equation6.2-3.1}
    		\kappa_3^{\mathcal{Q}} &=  \left( \sigma \sqrt{\tau} \right)^3 \rho_3  , \\
    		\kappa_4^{\mathcal{Q}} &=  \left( \sigma \sqrt{\tau} \right)^4 \rho_4  , \\
    		\kappa_5^{\mathcal{Q}} &=  \left( \sigma \sqrt{\tau} \right)^5 \rho_5  , \\
    		\kappa_6^{\mathcal{Q}} &=  \left( \sigma \sqrt{\tau} \right)^6 \left(  \rho_6 -  10 \rho^2_3   \right) . \\
    	\end{aligned}
    \end{equation*}
    Since the log-return $R_\tau$ can be regarded as the linear combination of normally distributed random variable $Y$, we can standardize $R_\tau$ to become $Y$ by applying $\frac{ R_\tau  -  E^{\mathcal{Q}}_t\left( R_\tau \right)    }{\sigma \sqrt{\tau}} = Y$. Then the relationships between coefficients and cumulants above are completely consistent with the examples given in Section \ref{sec:2.1}.
    
    
    
    
    
    Similarly, the corresponding cumulants under $\mathcal{S}$-measure can be obtained by substituting $\phi = 0$ into Equation \eqref{e:equation6.1-6.0}, \eqref{e:equation6.1-6}, \eqref{e:equation6.1-7} and \eqref{e:equation6.1-8}, given by
     \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-4.0}
    		\kappa_0^{\mathcal{S}}  
    		&=   \left.   K^{\mathcal{S}}( \phi )  \right|_{\phi = 0} 
    		&=   0    
    		,
    	\end{aligned}
    \end{equation}
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-4}
    		\kappa_1^{\mathcal{S}}  
    		&=   \left.   \frac{  \partial    }{ \partial \phi } K^{\mathcal{S}}( \phi )  \right|_{\phi = 0}  \\ 
    		&=      \left(  \mu_c  +  \frac{1}{2} \sigma^2  \right) \tau   
    		+   \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-1)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right) 
    		,
    	\end{aligned}
    \end{equation}
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-5}
    		\kappa_2^{\mathcal{S}} 
    		&=   \left.   \frac{  \partial^2    }{ \partial \phi^2 } K^{\mathcal{S}}( \phi )  \right|_{\phi = 0}   \\
    		&=  \sigma^2  \tau  +    \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-2)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  
    		.
    	\end{aligned}
    \end{equation}
    
    
    When $ m \geq  3$, we have
    \begin{equation}
    	\begin{aligned}
    		\label{e:equation6.2-6}
    		\kappa_m^{\mathcal{S}} 
    		&=   \left.   \frac{  \partial^m    }{ \partial \phi^m } K^{\mathcal{S}}( \phi )  \right|_{\phi = 0}    \\
    		&=   \sum_{q=m}^{  +  \infty}  \frac{ 1 }{  (q-m)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  
    		.
    	\end{aligned}
    \end{equation}
    
    
     %%还要引入几句话承上启下，从而引出prop-3来探究cumulants的关系？？必要性重要性？？看之前Beam的答疑笔记！！
    
    
    

   \begin{proposition}  \label{prop-kappa-QvsS}
   	
   	The relationships between cumulants with Gram-Charlier density under $\mathcal{Q}$-measure and $\mathcal{S}$-measure are given by
   	
   	
   	when $  m = 0 $, 
   		\begin{equation}
   		\begin{aligned}
   			\label{e:equation6.2-7.0}
   			\kappa_0^{\mathcal{S}}
   			&=   \kappa_0^{\mathcal{Q}}      
   			,
   		\end{aligned}
   	\end{equation}
   	
   	
   	
   	
   	when $  m \geq  1$, 
   	\begin{equation}
   		\begin{aligned}
   			\label{e:equation6.2-7}
   			\kappa_m^{\mathcal{S}}
   			&=    \sum_{q=0}^{  +  \infty}  \frac{ \kappa_{m+q}^{\mathcal{Q}}    }{ q! }
   			.
   		\end{aligned}
   	\end{equation}
   	
    
    
    \end{proposition}
    
     \begin{proof}
    	
    	See Appendix \ref{appendix-prop-kappa-QvsS}.
    	
    \end{proof}
    
    
    
    
    
   
	

	
	
	 
	 
	 
	 
	 
	 
	 
	 
	
	
	
	
	
	
	
	\section{Conclusion}\label{sec:Conclusion}
	
	
	%%The primary contribution of this paper is to xxxxx
	
	%literature不可数，只能用单数
	
    %%	However, the majority of existing literature is restricted to truncating the series expansion until the fourth moment.
    
    %%    The applications of these GC densities in finance, mainly for asset or option pricing, have not usually considered expansions beyond the fourth order (e.g., for expansions defined in terms of a couple of moments, usually skewness and kurtosis). Our goal in this paper is to fill the vacuum.
    
     As a generalization of the normal density, the Gram-Charlier series expansion can be used to approximate densities that deviate from the normal one, where the third- and fourth-order cumulants can directly appear as the parameters. The Gram-Charlier density applied in option pricing is able to extend the normally distributed return in the \citeauthoryear{black1973pricing} model to include higher order cumulants, which are related to the parameters implied by the Gram-Charlier density as well. The majority of existing literature is restricted to truncating the series expansion until the fourth moment or cumulant, since for the standardized random variable, its third- and fourth-order cumulants are exactly the skewness and excess kurtosis, which are commonly used in financial applications. 
    
    
    %% 到底是不是三个新形式的期权定价公式确定一下！！如果不是就要改陈述！！
    %subsequent 随后的后来的，强调作为结果的后来的
    
    
    %% In this paper, the primary contribution is that we develop a new form of option pricing formula under Gram-Charlier density of arbitrary order, where the probability that options will be exercised under share measure and risk-neutral measure can be explicitly expressed. Compared with other option pricing formulas using the untruncated Gram-Charlier series expansion presented in previous literature, such as \citeauthoryear{kochard1999option}, \citeauthoryear{schlogl2013option},  \citeauthoryear{aschakulporn2022bakshi} and \citeauthoryear{aschakulporn2022bakshi-paper}, the probability that options will be exercised under share measure and risk-neutral measure (namely, $\Pi_1$ and $\Pi_2$, respectively) can be intuitively given in our formula instead of being hidden; compared with \citeauthorsyear{bakshi2000spanning} formula, the advantage of our formula is its analytic expression, which is derived by investigating the properties of Hermite polynomials. The second contribution in this paper is we demonstrate the equivalence between the \citeauthorsyear{bakshi2000spanning} formula under Gram-Charlier density and our formula (as well as the other formulas with arbitrary truncation level mentioned above). In addition, unlike the \citeauthoryear{black1973pricing} formula, we find that the delta, $\Delta^{GC}$, of the option pricing formula under Gram-Charlier density, is equal to $\Pi_1$. Finally, to help users have a deeper understanding of the share measure, we further investigate the relationship between the cumulants with Gram-Charlier density under share measure and risk-neutral measure.
    
    
    %% The majority of existing literature is restricted to truncating the series expansion until the fourth moment or cumulant, and following the \citeauthorsyear{longstaff1995option} martingale restriction, \citeauthoryear{kochard1999option}, \citeauthoryear{schlogl2013option} and \citeauthoryear{aschakulporn2022bakshi} propose an option pricing formula with the untruncated Gram-Charlier series expansion; however, the probability that options will be exercised under share measure and risk-neutral measure is hidden rather than intuitively given in their representations. In order to fill the vacuum, this paper presents a new option pricing formula under Gram-Charlier density of arbitrary truncation level with an analogous structure to \citeauthorsyear{bakshi2000spanning} formula, where the probability that options will be exercised under share measure and risk-neutral measure can be explicitly expressed; compared with \citeauthorsyear{bakshi2000spanning} formula, we develop an analytic expression by investigating the properties of Hermite polynomials.
    
    
	In this paper, based on some indispensable properties of Hermite polynomials, we derive a new analytic form of option pricing formula under Gram-Charlier density of arbitrary order, where the probabilities that options will be exercised under share measure and risk-neutral measure (namely, $\Pi_1$ and $\Pi_2$, respectively) can be explicitly expressed. Compared with the \citeauthoryear{black1973pricing} formula, we find that the hedging ratio, $\Delta^{GC}$, of the option pricing formula under Gram-Charlier density, is equal to $\Pi_1$ instead of $N(d_1)$.
	
	
	
	
	Following the derivations in previous literature, we are able to simplify the option pricing formula under Gram-Charlier density proposed by \citeauthoryear{aschakulporn2022bakshi}, which consists of three terms. Moreover, we specify the characteristic function under Gram-Charlier density, and make the \citeauthorsyear{bakshi2000spanning} formula become an alternative option pricing formula under Gram-Charlier density. Subsequently, the equivalence between our new formula and these two forms has been demonstrated, and the relationship between terms in different formulas is also discussed.
	
	
	 
	
	
	 Additionally, we further investigate the relationship between the cumulants with Gram-Charlier density under share measure and risk-neutral measure to help users have a deeper understanding of the share measure. 
	
	%%以下未来展望大概搞清楚charlier density和truncating valid xxxx再改??
	%Finally, after this paper, it is worthy to investigate the implied volatility smirk under Gram-Charlier density by following \citeauthoryear{zhang2008implied}'s methodology. Besides, it is also feasible to find another $\Pi_1$ and $\Pi_2$ form of option pricing formula for the affine jump diffusion model. All of these topics deserve close attention in the future work.
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	\subsection[Proof of Lem-HePoly-sum]{Proof of Lemma \ref{lem-He-sum}}\label{appendix-lem-He-sum}
	
	
	\begin{proof}
		
		
		
		
		
		(Note that $(-1)!! = 0!! = 1$.)
		
		When $k=0$ and $k=1$, we have
		$$   He_0(y) =  C^{0}_{0} \cdot  (-1)^{0} \cdot 1 \cdot  y^{0} = 1 $$
		and
		$$   He_1(y) =  C^{0}_{1} \cdot  (-1)^{0} \cdot 1 \cdot  y^{1-0} = y $$
		hold, respectively.
		
		Assume that for an arbitrary natural number $w < k$, we have 
		$$He_w(y) = \sum_{m=0}^{ \left \lfloor  \frac{w}{2}  \right \rfloor  } C^{2m}_{w} (-1)^{m} (2m-1)!! y^{k-2m} $$ holds, now we need to show that this summation formula also holds for the natural number $k$.
		
		Since the recursive form of Hermite polynomial $$He_k(y)=yHe_{k-1}(y) - (k-1)He_{k-2}(y) $$ is known, according to our assumption, we have 
		$$   He_{k-1}(y) =  \sum_{m=0}^{ \left \lfloor  \frac{k-1}{2}  \right \rfloor  } C^{2m}_{k-1} (-1)^{m}  (2m-1)!! y^{k-1-2m} $$
		and
		$$  He_{k-2}(y) =  \sum_{m=0}^{  \left  \lfloor  \frac{k-2}{2}  \right \rfloor  } C^{2m}_{k-2} (-1)^{m}  (2m-1)!! y^{k-2-2m}  $$
		hold, respectively.
		
		When $k$ is odd, we set $k = 2 u + 1$, then
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-1}
		   &  \hspace{0.5cm} 	He_{k-1}(y) \\
			    &= He_{2u}(y) \\
				& = \sum_{m=0}^{    u     } C^{2m}_{2u} (-1)^{m} 
				(2m-1)!! y^{2u-2m} \\
				& = C^{0}_{2u}  \cdot (-1)^0  \cdot  y^{2u}  
				+  C^{2}_{2u}   \cdot  (-1)^1  \cdot  y^{2u-2}
				+  C^{4}_{2u}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-4}  \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  C^{2m}_{2u}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m}
				+ \cdots 
				+  C^{2u}_{2u}   \cdot   (-1)^{u}  \cdot (2u-1)!!  \cdot  y^{0} 
				,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-2}
				&  \hspace{0.5cm}  He_{k-2}(y)  \\
				&= He_{2u-1}(y) \\
				& = \sum_{m=0}^{    u-1   } C^{2m}_{2u-1} (-1)^{m} 
				(2m-1)!! y^{2u-2m-1} \\
				& = C^{0}_{2u-1}  \cdot (-1)^0  \cdot  y^{2u-1}  
				+  C^{2}_{2u-1}   \cdot  (-1)^1  \cdot  y^{2u-3}
				+  C^{4}_{2u-1}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-5}  \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  C^{2m-2}_{2u-1}  \cdot  (-1)^{m-1}  \cdot (2m-3)!!  \cdot y^{2u-2m+1}
				+  C^{2m}_{2u-1}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m-1} \\
				& \phantom{0} \phantom{0}  + \cdots 
				+  C^{2u-2}_{2u-1}   \cdot   (-1)^{u-1}  \cdot (2u-3)!!  \cdot  y
				,
			\end{aligned}
		\end{equation}
		and thus
			\begin{equation}
			\begin{aligned}
				\label{e:equationA-3}
				&  \hspace{0.5cm}   He_{k}(y)  \\
				&=  He_{2u+1}(y)  \\
				&= y He_{2u}(y) - 2u He_{2u-1}(y) \\
				&= \left[  C^{0}_{2u}  \cdot (-1)^0  \cdot  y^{2u+1}  
				+  C^{2}_{2u}   \cdot  (-1)^1  \cdot  y^{2u-1}
				+  C^{4}_{2u}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-3} \right.   \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  \left.  C^{2m}_{2u}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m+1}
				+ \cdots 
				+  C^{2u}_{2u}   \cdot   (-1)^{u}  \cdot (2u-1)!!  \cdot  y  \right] \\
				& \phantom{0} \phantom{0}
				-  \left[ 2u \cdot C^{0}_{2u-1}  \cdot (-1)^0  \cdot  y^{2u-1}  
				+  2u \cdot  C^{2}_{2u-1}   \cdot  (-1)^1  \cdot  y^{2u-3}
				+  2u \cdot  C^{4}_{2u-1}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-5} \right.   \\
				& \phantom{0} \phantom{0} 
				+   2u \cdot  C^{2m-2}_{2u-1}  \cdot  (-1)^{m-1}  \cdot (2m-3)!!  \cdot y^{2u-2m+1} \\
				& \phantom{0} \phantom{0}  
				+  2u \cdot  C^{2m}_{2u-1}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m-1} 
				+ \cdots
				+ \left.  2u \cdot  C^{2u-2}_{2u-1}   \cdot   (-1)^{u-1}  \cdot (2u-3)!!  \cdot  y  \right]  \\
				& = C^{0}_{2u}  \cdot (-1)^0  \cdot  y^{2u+1}  
				+ \left[  C^{2}_{2u} \cdot  (-1)^1  - 2u \cdot  C^{0}_{2u-1}  \cdot  (-1)^{0}  \right] \cdot y^{2u-1}  \\
				& \phantom{0} \phantom{0}  
				+ \left[   C^{4}_{2u}  \cdot (-1)^2  \cdot  3!!  -  2u \cdot C^{2}_{2u-1}  \cdot  (-1)^{1}  \right]  \cdot  y^{2u-3}   \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  \underbrace{  \left[   C^{2m}_{2u}  \cdot  (-1)^{m}  \cdot (2m-1)!!       -  2u \cdot  C^{2m-2}_{2u-1}  \cdot  (-1)^{m-1}  \cdot (2m-3)!!  \right]  }_{\Omega}  \cdot y^{2u-2m+1}   \\
				& \phantom{0} \phantom{0}   + \cdots  
				+   \left[  C^{2u}_{2u}  \cdot (-1)^u  \cdot  (2u-1)!!  -  2u \cdot C^{2u-2}_{2u-1}   \cdot   (-1)^{u-1}  \cdot (2u-3)!!   \right] \cdot  y
				.
			\end{aligned}
		\end{equation}
		
		Since
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-4}
				&  \hspace{0.5cm}  \Omega  \\
				&=  \frac{  (2u)!  }{ (2m)! (2u-2m)!  } \cdot (-1)^m \cdot (2m-1)!!
				-  2u \cdot  \frac{  (2u-1)!  }{ (2m-2)! (2u-2m+1)!  } \cdot (-1)^{m-1} \cdot (2m-3)!!  \\
				&=  \frac{  (2u-1)! \cdot (-1)^m  \cdot (2m-3)!!   }{ (2m-2)! (2u-2m)!  } \cdot  	\left[   \frac{  2u \cdot (2m-1)  }{ 2m \cdot (2m-1) }  +  \frac{  2u   }{  2u-2m+1 }   \right]   \\
				&=  \frac{  (2u-1)! \cdot (-1)^m  \cdot (2m-3)!!   }{ (2m-2)! (2u-2m)!  } \cdot   \frac{  2u  \cdot  \left[   (2m-1) \cdot  (2u-2m+1) + 2m \cdot (2m-1)   \right]   }{  2m \cdot (2m-1)  \cdot (2u-2m+1) }  \\
				&=  \frac{  (2u-1)! \cdot (-1)^m  \cdot (2m-3)!!   }{ (2m-2)! (2u-2m)!  } \cdot   \frac{ 2u  \cdot  (2m-1) \cdot (2u+1)  }{  2m \cdot (2m-1)   \cdot (2u-2m+1)   }   \\
				&=   \frac{  (2u+1)!  }{ (2m)! (2u-2m+1)!  }  \cdot (-1)^m  \cdot (2m-1)!!  \\
				&=     C^{2m}_{2u+1}  \cdot  (-1)^m  \cdot (2m-1)!!
				,
	    	\end{aligned}
     	\end{equation}
		where $m=1, 2, \cdots, u$, and then we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-5}
				&  \hspace{0.5cm}   He_{k}(y) \\
				&=  He_{2u+1}(y)  \\
				& = C^{0}_{2u+1}  \cdot (-1)^0  \cdot  y^{2u+1}  
				+  C^{2}_{2u+1}   \cdot  (-1)^1  \cdot  y^{2u-1}
				+  C^{4}_{2u+1}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-3}  \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  C^{2m}_{2u+1}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m+1}
				+ \cdots 
				+  C^{2u}_{2u+1}   \cdot   (-1)^{u}  \cdot (2u-1)!!  \cdot  y  \\
				&=  \sum_{m=0}^{  u } C^{2m}_{2u+1} (-1)^{m} (2m-1)!! y^{2u-2m+1} \\
				&=   \sum_{m=0}^{  \left \lfloor  \frac{k}{2}  \right \rfloor  } C^{2m}_{k} (-1)^{m} 
				(2m-1)!! y^{k-2m}
				.
			\end{aligned}
		\end{equation}
		
		
		
		When $k$ is even, we set $k = 2 u $, then
			\begin{equation}
			\begin{aligned}
				\label{e:equationA-6}
				&  \hspace{0.5cm}   He_{k-1}(y)  \\
				&= He_{2u-1}(y) \\
				& = \sum_{m=0}^{  u-1  } C^{2m}_{2u-1} (-1)^{m} 
				(2m-1)!! y^{2u-2m-1} \\
				& = C^{0}_{2u-1}  \cdot (-1)^0  \cdot  y^{2u-1}  
				+  C^{2}_{2u-1}   \cdot  (-1)^1  \cdot  y^{2u-3}
				+  C^{4}_{2u-1}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-5}  \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  C^{2m}_{2u-1}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m-1}
				+ \cdots 
				+  C^{2u-2}_{2u-1}   \cdot   (-1)^{u-1}  \cdot (2u-3)!!  \cdot  y
				,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-7}
				&  \hspace{0.5cm}  He_{k-2}(y)  \\
				&= He_{2u-2}(y) \\
				& = \sum_{m=0}^{  u-1  } C^{2m}_{2u-2} (-1)^{m} 
				(2m-1)!! y^{2u-2m-2} \\
				& = C^{0}_{2u-2}  \cdot (-1)^0  \cdot  y^{2u-2}  
				+  C^{2}_{2u-2}   \cdot  (-1)^1  \cdot  y^{2u-4}
				+  C^{4}_{2u-2}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-6}  \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  C^{2m-2}_{2u-2}  \cdot  (-1)^{m-1}  \cdot (2m-3)!!  \cdot y^{2u-2m}
				+  C^{2m}_{2u-2}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m-2} \\
				& \phantom{0} \phantom{0}  + \cdots 
				+  C^{2u-4}_{2u-2}   \cdot   (-1)^{u-2}  \cdot (2u-5)!!  \cdot  y^2
				+  C^{2u-2}_{2u-2}   \cdot   (-1)^{u-1}  \cdot (2u-3)!!  \cdot  y^0
				,
			\end{aligned}
		\end{equation}
		and thus
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-8}
				&  \hspace{0.5cm}   He_{k}(y)  \\
				&=  He_{2u}(y) \\
				&= y He_{2u-1}(y) - (2u-1) He_{2u-2}(y) \\
				&= \left[  C^{0}_{2u-1}  \cdot (-1)^0  \cdot  y^{2u}  
				+  C^{2}_{2u-1}   \cdot  (-1)^1  \cdot  y^{2u-2}
				+  C^{4}_{2u-1}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-4} \right.   \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  \left.  C^{2m}_{2u-1}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m}
				+ \cdots 
				+  C^{2u-2}_{2u-1}   \cdot   (-1)^{u-1}  \cdot (2u-3)!!  \cdot  y^2  \right] \\
				& \phantom{0} \phantom{0}
				-  \left[ (2u-1) \cdot C^{0}_{2u-2}  \cdot (-1)^0  \cdot  y^{2u-2}  
				+  (2u-1) \cdot  C^{2}_{2u-2}   \cdot  (-1)^1  \cdot  y^{2u-4}  \right.   \\
				& \phantom{0} \phantom{0} 
				+  (2u-1) \cdot  C^{4}_{2u-2}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-6} 
				+ \cdots
				+   (2u-1)  \cdot  C^{2m-2}_{2u-2}  \cdot  (-1)^{m-1}  \cdot (2m-3)!!  \cdot y^{2u-2m} \\
				& \phantom{0} \phantom{0}  
				+  (2u-1)  \cdot  C^{2m}_{2u-2}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m-2} 
				+ \cdots  \\
				& \phantom{0} \phantom{0}  
				+ \left.  (2u-1)   \cdot  C^{2u-4}_{2u-2}   \cdot   (-1)^{u-2}  \cdot (2u-5)!!  \cdot  y^2  
				+   (2u-1)   \cdot  C^{2u-2}_{2u-2}   \cdot   (-1)^{u-1}  \cdot (2u-3)!!  \cdot  y^0      \right]  \\
				& = C^{0}_{2u-1}  \cdot (-1)^0  \cdot  y^{2u}  
				+ \left[  C^{2}_{2u-1} \cdot  (-1)^1  - (2u-1)  \cdot  C^{0}_{2u-2}  \cdot  (-1)^{0}  \right] \cdot y^{2u-2}  \\
				& \phantom{0} \phantom{0}  
				+ \left[   C^{4}_{2u-1}  \cdot (-1)^2  \cdot  3!!  -  (2u-1)  \cdot C^{2}_{2u-2}  \cdot  (-1)^{1}  \right]  \cdot  y^{2u-4}   \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  \underbrace{  \left[   C^{2m}_{2u-1}  \cdot  (-1)^{m}  \cdot (2m-1)!!       -  (2u-1)   \cdot  C^{2m-2}_{2u-2}  \cdot  (-1)^{m-1}  \cdot (2m-3)!!  \right]  }_{\Omega_1}  \cdot y^{2u-2m}   \\
				& \phantom{0} \phantom{0}   + \cdots  
				+   \left[  C^{2u-2}_{2u-1}  \cdot (-1)^{u-1}  \cdot  (2u-3)!!  -  (2u-1)  \cdot C^{2u-4}_{2u-2}   \cdot   (-1)^{u-2}  \cdot (2u-5)!!   \right] \cdot  y^2    \\
				& \phantom{0} \phantom{0}  
				  \underbrace{ - \left[   (2u-1)   \cdot  C^{2u-2}_{2u-2}  \cdot  (-1)^{u-1}  \cdot (2u-3)!!  \right]  }_{\Omega_2}  \cdot y^0   
				.
			\end{aligned}
		\end{equation}
		
		
		
		
		Since
			\begin{equation}
			\begin{aligned}
				\label{e:equationA-9}
				C^{0}_{2u-1}  \cdot (-1)^0  \cdot  y^{2u} 
				&=   C^{0}_{2u}  \cdot (-1)^0  \cdot  y^{2u} 
				,
			\end{aligned}
		\end{equation}
			\begin{equation}
			\begin{aligned}
				\label{e:equationA-10}
				\Omega_2
				&=   (2u-1)   \cdot  C^{2u-2}_{2u-2}  \cdot  (-1)^{u}  \cdot (2u-3)!!  \\
				&=  C^{2u}_{2u}  \cdot  (-1)^{u}  \cdot (2u-1)!! 
				,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-11}
				&  \hspace{0.5cm}  \Omega_1  \\
				&=  \frac{  (2u-1)!  }{ (2m)! (2u-2m-1)!  } \cdot (-1)^m \cdot (2m-1)!!
				-  (2u-1) \cdot  \frac{  (2u-2)!  }{ (2m-2)! (2u-2m)!  } \cdot (-1)^{m-1} \cdot (2m-3)!!  \\
				&=  \frac{  (2u-1)!  }{ (2m-2)! (2u-2m-1)!  } \cdot (-1)^m \cdot (2m-3)!! 
				\cdot   \left[   \frac{   2m-1  }{ 2m \cdot (2m-1) }  +  \frac{  1   }{  2u-2m }   \right]   \\
				&=  \frac{  (2u-1)!  }{ (2m-2)! (2u-2m-1)!  } \cdot (-1)^m \cdot (2m-3)!! 
				\cdot      \frac{   (2m-1) \cdot (2u-2m)   +   2m \cdot (2m-1) }{ 2m \cdot (2m-1)   \cdot (2u-2m)   }     \\
				&=  \frac{  (2u)!  }{ (2m)! (2u-2m)!  } \cdot (-1)^m \cdot (2m-1)!!   \\
				&=     C^{2m}_{2u}  \cdot  (-1)^m  \cdot (2m-1)!!
				,
			\end{aligned}
		\end{equation}
		where $m=1, 2, \cdots, u-1$, and then we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-12}
				&  \hspace{0.5cm}  He_{k}(y)  \\
				&=  He_{2u}(y)  \\
				& = C^{0}_{2u}  \cdot (-1)^0  \cdot  y^{2u}  
				+  C^{2}_{2u}   \cdot  (-1)^1  \cdot  y^{2u-2}
				+  C^{4}_{2u}  \cdot (-1)^2  \cdot  3!!  \cdot  y^{2u-4}  \\
				& \phantom{0} \phantom{0}   + \cdots  
				+  C^{2m}_{2u}  \cdot  (-1)^{m}  \cdot (2m-1)!!  \cdot y^{2u-2m}
				+ \cdots 
				+  C^{2u}_{2u}   \cdot   (-1)^{u}  \cdot (2u-1)!!  \cdot  y^0  \\
				&=  \sum_{m=0}^{  u } C^{2m}_{2u} (-1)^{m} (2m-1)!! y^{2u-2m} \\
				&=   \sum_{m=0}^{  \left \lfloor  \frac{k}{2}   \right  \rfloor  } C^{2m}_{k} (-1)^{m} 
				(2m-1)!! y^{k-2m}
				.
			\end{aligned}
		\end{equation}
		
		
		By induction, we have $He_k(y) = \sum_{m=0}^{ \left \lfloor  \frac{k}{2}  \right   \rfloor  } C^{2m}_{k} (-1)^{m} (2m-1)!! y^{k-2m} $ holds for any natural number $k$.
		
		
		Hence, the summation form of Hermite polynomial is given by
		\begin{equation}
			\begin{aligned}
				\label{e:equationA-13}
				He_k(y)
				& = \sum_{m=0}^{ \left \lfloor  \frac{k}{2} \right  \rfloor  } C^{2m}_{k} (-1)^{m} 
				(2m-1)!! y^{k-2m} \\
				& = \sum_{m=0}^{ \left \lfloor  \frac{k}{2} \right  \rfloor  }  \frac{  k! (2m-1)!!  }{  (2m)! (k-2m)!  } (-1)^{m}  y^{k-2m} \\
				& = \sum_{m=0}^{  \left \lfloor  \frac{k}{2}  \right \rfloor  }  \frac{  k!  }{  (2m)!! (k-2m)!  } (-1)^{m}  y^{k-2m} \\
				& = \sum_{m=0}^{ \left \lfloor  \frac{k}{2} \right  \rfloor  }  \frac{  k!  }{ 2^{k}  m! (k-2m)!  } (-1)^{m}  y^{k-2m} 
				,
			\end{aligned}
		\end{equation}
		where $He_k(y)$ is the $k$-th order Hermite polynomial, $C^{2m}_{k} = \frac{  k!  }{  (2m)! (k-2m)!  } $ is a combinatorial number, $\lfloor  \cdot   \rfloor$ means the floor function of  ``$\cdot$'' (i.e., the largest integer that is less than or equal to  ``$\cdot$''), ($\cdot$)! and ($\cdot$)!! are the factorial and double factorial of  ``$\cdot$'', respectively.
		
		
		
		
	\end{proof}
	
	
	
	
	\subsection[Proof of Lem-HePoly-int]{Proof of Lemma \ref{lem-He-int}}\label{appendix-lem-He-int}
	
	
	\begin{proof}
		
		
		By Lemma \ref{lem-He-sum} and binomial theorem, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationB-1}
				&  \hspace{0.5cm} \int_{- \infty}^{+ \infty} (it+y)^{k} \phi(t) dt  \\
				& =  \frac{1}{\sqrt{2 \pi}} \int_{- \infty}^{+ \infty}   e^{ - \frac{t^2}{2} }  
				\left[  
				C^{0}_{k}  y^{k}  
				+  C^{1}_{k} (it) y^{k-1} 
				+  C^{2}_{k} (it)^2 y^{k-2}
				+ \cdots  
				+  C^{k}_{k} (it)^{k}  
				\right]  dt  \\
				& =   
				C^{0}_{k} \cdot y^{k}  
				+  C^{2}_{k} \cdot i^2 \cdot y^{k-2}  
				+  C^{4}_{k} \cdot  i^4  \cdot 3!!  \cdot y^{k-4}   
				+ \cdots
				+  C^{2m}_{k}  \cdot  i^{2m}  \cdot (2m-1)!!  \cdot y^{k-2m}   \\
				& \phantom{0} \phantom{0}    + \cdots 
				+ C^{ 2 \left \lfloor  \frac{k}{2}  \right \rfloor   }_{k}  \cdot  i^{ 2  \left  \lfloor  \frac{k}{2}  \right  \rfloor }  \cdot \left(   2  \left   \lfloor  \frac{k}{2} \right  \rfloor  -1\right) !!  \cdot  y^{k- 2  \left \lfloor  \frac{k}{2} \right  \rfloor }  
				\\
				& =  \sum_{m=0}^{ \left \lfloor  \frac{k}{2} \right  \rfloor  } C^{2m}_{k} (-1)^{m} 
				(2m-1)!! y^{k-2m} \\
				& = He_k(y)
				.
     	\end{aligned}
     \end{equation}
     
     
     
	\end{proof}
	
	
	
	
		\subsection[Proof of Lem-HePoly-y+delta y]{Proof of Lemma \ref{lem-He-y+deltay}}\label{appendix-lem-He-y+deltay}
	
	
	\begin{proof}
		
		
		By Lemma \ref{lem-He-int} and binomial theorem, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationC-1}
				&  \hspace{0.5cm}  He_k(y + \Delta y)  \\
				& = \int_{- \infty}^{+ \infty}  \left[  (it+y) + \Delta y \right]^{k}   \phi(t) dt \\
				& = \int_{- \infty}^{+ \infty} 
				\left[  
				C^{0}_{k}  (it+y)^{k}  
				+  C^{1}_{k} (\Delta y)^1 (it+y)^{k-1}   + \cdots  
				+  C^{k}_{k} (\Delta y)^k (it+y)^{0}
				\right]  \phi(t) dt \\
				& = \sum_{m=0}^{k}  ( \Delta y)^m  C^{m}_{k}  He_{k-m}(y)   
				.
			\end{aligned}
		\end{equation}
		
		
		
	\end{proof}
	
	
	
	\subsection[Proof of Lem-HePoly-negative y]{Proof of Lemma \ref{lem-He-negy}}\label{appendix-lem-He-negy}
	
	
	\begin{proof}
		
		
		By Lemma \ref{lem-He-int} and substitution method, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationC.1-1}
				 He_k(-y )  
				& =  \int_{- \infty}^{+ \infty}  (it - y)^k  \phi(t) dt  \\
				\left( \mbox{Let} \; t =  - z  \right) \quad  
				& =   \int_{+ \infty}^{- \infty}  ( - iz - y)^k  \phi(-z) d(-z)  \\
				& =  (-1)^{k+1}   \int_{+ \infty}^{- \infty}  ( iz + y)^k  \phi(-z) dz  \\
				& =  (-1)^{k}   \int_{- \infty}^{+ \infty}  ( iz + y)^k  \phi(z) dz  \\
				& =  (-1)^{k}  He_k(y ) 
				.
			\end{aligned}
		\end{equation}
		
		
		
		
		
	\end{proof}
	
	
	
	
		\subsection[Proof of Lem-HePoly-derivative]{Proof of Lemma \ref{lem-He-Appell}}\label{appendix-lem-He-Appell}
	
	
	\begin{proof}
		
		
		By Lemma \ref{lem-He-int}, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-0}
				 \frac{  d }{ d y} 	He_k( y )
				&=  \int_{- \infty}^{+ \infty}   \frac{  d }{ d y}  (it + y)^k  \phi(t) dt  \\
				&=   \int_{- \infty}^{+ \infty}  k  (it + y)^{k-1}  \phi(t) dt  \\
				&= k He_{k-1}(y)   
				.
			\end{aligned}
		\end{equation}
		
		
		
		
		
	\end{proof}
	
	
	
	
	
	
	\subsection[Proof of Lem-mu c]{Proof of Lemma \ref{lem-muc}}\label{appendix-lem-muc}
	
	
	 \begin{proof}
		
		$$ E^{\mathcal{Q}}_t \left[     S_T  \right] = F^T_t e^{ \left(  \mu_c - \frac{1}{2}\sigma^2 \right) \tau }  E^{\mathcal{Q}}_t \left[  e^{\sigma \sqrt{\tau} Y}  \right] =  F^T_t  ,  $$
		$$\implies  e^{ \left(  \mu_c - \frac{1}{2}\sigma^2 \right) \tau }  E^{\mathcal{Q}}_t \left[  e^{\sigma \sqrt{\tau} Y}  \right] =  1 . $$
		
		
		
		We first focus on $E^{\mathcal{Q}}_t \left[  e^{\sigma \sqrt{\tau} Y}  \right] $
		\begin{equation}
			\begin{aligned}
				\label{e:equationD-1}
				E^{\mathcal{Q}}_t \left[  e^{\sigma \sqrt{\tau} Y}  \right] 
				&= \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y}  f(y) dy \\
				&= \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y}  \phi(y) dy
				+ \sum_{k=3}^{n} (-1)^k \frac{\rho_k}{k!} \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y}  \phi^{(k)}(y) dy
				,
			\end{aligned}
		\end{equation}
		
		
		When $k=3$, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationD-2}
				&  \hspace{0.5cm}  \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y}  \phi^{(3)}(y) dy \\
				&=  \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y}  d \phi^{(2)}(y) \\
				&=  \left.  e^{\sigma \sqrt{\tau} y} \phi^{(2)}(y) \right| ^{+ \infty}_{- \infty}  -  \int_{- \infty}^{+ \infty} \phi^{(2)}(y) \sigma \sqrt{\tau} e^{\sigma \sqrt{\tau} y} dy  \\
				&=  0  -   \sigma \sqrt{\tau}  \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y} d \phi^{(1)}(y)  \\
				&=   -  \sigma \sqrt{\tau}  \left[    \left.  e^{\sigma \sqrt{\tau} y} \phi^{(1)}(y) \right| ^{+ \infty}_{- \infty}  -    \int_{- \infty}^{+ \infty} \phi^{(1)}(y) \sigma \sqrt{\tau} e^{\sigma \sqrt{\tau} y} dy   \right]  \\
				&=   \sigma^2 \tau  \int_{- \infty}^{+ \infty}  e^{\sigma \sqrt{\tau} y} d \phi(y) \\
				&=   \sigma^2 \tau  \left[   \left.  e^{\sigma \sqrt{\tau} y}  \phi(y)  \right|^{+ \infty}_{- \infty}    -   \int_{- \infty}^{+ \infty}   \phi(y) \sigma \sqrt{\tau} e^{\sigma \sqrt{\tau} y}  dy  \right]    \\
				&=  - \left(   \sigma \sqrt{\tau}  \right)^3  \int_{- \infty}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  \phi(y)  dy  \\
				&=  - \left(   \sigma \sqrt{\tau}  \right)^3  \int_{- \infty}^{+ \infty} 
				\frac{ 1  }{  \sqrt{2  \pi}  }   e^{  -   \frac{1}{2} y^2 + \sigma \sqrt{\tau}y} dy  \\
				&=  - \left(   \sigma \sqrt{\tau}  \right)^3  \int_{- \infty}^{+ \infty} 
				\frac{ 1  }{  \sqrt{2  \pi}  }   e^{  -   \frac{1}{2} \left(  y - \sigma \sqrt{\tau}   \right)^2 +  \frac{1}{2}\sigma^2 \tau } dy  \\
				\left( \mbox{Let} \; z =  y  - \sigma \sqrt{\tau}   \right) \quad  
				&=  - \left(   \sigma \sqrt{\tau}  \right)^3   e^{\frac{1}{2}\sigma^2 \tau} \int_{- \infty}^{+ \infty} 
				\frac{ 1  }{  \sqrt{2  \pi}  }   e^{  -   \frac{z^2}{2} } dz  \\
				&=    - \left(   \sigma \sqrt{\tau}  \right)^3   e^{\frac{1}{2}\sigma^2 \tau}.
			\end{aligned}
		\end{equation}
		
		
		
		Similarly, for $k > 3$, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationD-4}
				&  \hspace{0.5cm}  \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y}  \phi^{(k)}(y) dy \\
				&=  \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y}  d \phi^{(k-1)}(y) \\
				&=  \left.  e^{\sigma \sqrt{\tau} y} \phi^{(k-1)}(y) \right| ^{+ \infty}_{- \infty}  -  \int_{- \infty}^{+ \infty} \phi^{(k-1)}(y) \sigma \sqrt{\tau} e^{\sigma \sqrt{\tau} y} dy  \\
				&=  0  -   \sigma \sqrt{\tau}  \int_{- \infty}^{+ \infty} e^{\sigma \sqrt{\tau} y} d \phi^{(k-2)}(y)  \\
				&=   -  \sigma \sqrt{\tau}  \left[    \left.  e^{\sigma \sqrt{\tau} y} \phi^{(k-2)}(y) \right| ^{+ \infty}_{- \infty}  -    \int_{- \infty}^{+ \infty} \phi^{(k-2)}(y) \sigma \sqrt{\tau} e^{\sigma \sqrt{\tau} y} dy   \right]  \\
				&=   \sigma^2 \tau  \int_{- \infty}^{+ \infty}  e^{\sigma \sqrt{\tau} y} d \phi^{(k-3)}(y) \\
				&=   \sigma^2 \tau  \left[   \left.  e^{\sigma \sqrt{\tau} y}  \phi^{(k-3)}(y)  \right|^{+ \infty}_{- \infty}    -   \int_{- \infty}^{+ \infty}   \phi^{(k-3)}(y) \sigma \sqrt{\tau} e^{\sigma \sqrt{\tau} y}  dy  \right]    \\
				&=  - \left(   \sigma \sqrt{\tau}  \right)^3  \int_{- \infty}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  d \phi^{(k-4)}(y)    \\
				&=  \cdots    \\
				&=  (-1)^{k-1}  \left(   \sigma \sqrt{\tau}  \right)^{k-1}  \int_{- \infty}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  d \phi^{(k-k)}(y)    \\
				&=   (-1)^{k-1} \left(   \sigma \sqrt{\tau}  \right)^{k-1}  \left[    \left.  e^{\sigma \sqrt{\tau} y} \phi^{(k-k)}(y) \right| ^{+ \infty}_{- \infty}  -    \int_{- \infty}^{+ \infty} \phi^{(k-k)}(y) \sigma \sqrt{\tau} e^{\sigma \sqrt{\tau} y} dy   \right]   \\
				&=   (-1)^{k}   \left(   \sigma \sqrt{\tau}  \right)^{k}     \int_{- \infty}^{+ \infty}   e^{\sigma \sqrt{\tau} y}   \phi(y) dy   \\
				&=   (-1)^{k}  \left(   \sigma \sqrt{\tau}  \right)^{k}    \int_{- \infty}^{+ \infty} 
				\frac{ 1  }{  \sqrt{2  \pi}  }   e^{  -   \frac{1}{2} y^2 + \sigma \sqrt{\tau}y} dy    \\
				&=   (-1)^{k}  \left(   \sigma \sqrt{\tau}  \right)^{k}    \int_{- \infty}^{+ \infty} 
				\frac{ 1  }{  \sqrt{2  \pi}  }   e^{  -   \frac{1}{2} \left(  y - \sigma \sqrt{\tau}   \right)^2 +  \frac{1}{2}\sigma^2 \tau } dy  \\
				\left( \mbox{Let} \; z =  y  - \sigma \sqrt{\tau}   \right) \quad  
				&=   (-1)^{k} \left(   \sigma \sqrt{\tau}  \right)^{k}    e^{\frac{1}{2}\sigma^2 \tau} \int_{- \infty}^{+ \infty} 
				\frac{ 1  }{  \sqrt{2  \pi}  }   e^{  -   \frac{z^2}{2} } dz  \\
				&=  (-1)^{k}   \left(   \sigma \sqrt{\tau}  \right)^{k}   e^{\frac{1}{2}\sigma^2 \tau}
				.
			\end{aligned}
		\end{equation}
		
		
		Thus, 
		$$  E^{\mathcal{Q}}_t \left[  e^{\sigma \sqrt{\tau} Y}  \right] =  \left[    1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right]  e^{\frac{1}{2}\sigma^2 \tau}  ,  $$
		$$\implies  e^{ \left(  \mu_c - \frac{1}{2}\sigma^2  + \frac{1}{2}\sigma^2 \right) \tau }  \left[    1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right]    =  1 , $$
		$$\implies   - \mu_c  \tau   =  \ln \left[    1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right]  , $$
		$$\implies    \mu_c    =  -  \frac{1}{\tau}  \ln \left[    1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right]  . $$
		
		
		
	\end{proof}
	
	
	
	
	
	
	
		\subsection[Proof of Lem-ct-sum-3parts]{Proof of Lemma \ref{lem-ct-3parts}}\label{appendix-lem-ct-3parts}
	
	
	
	\begin{proof}
		
		The price of a European call option under Gram-Charlier density can be calculated with the \citeauthoryear{harrison1979martingales} and \citeauthoryear{harrison1981martingales} risk-neutral valuation formula, given by 
		
		\begin{equation*}
			\begin{aligned}
				\label{e:equationE-1}
				c^{GC}_t
				&= e^{- r \tau} E^{\mathcal{Q}}_t  \left[    \max \left(  S_T - K   , 0 \right)    \right] 	\\
				&= e^{- r \tau} E^{\mathcal{Q}}_t  \left[    \left(  S_T - K   \right) \cdot 1_{S_T > K}   \right] 	\\
				&= e^{- r \tau} E^{\mathcal{Q}}_t  \left[    S_T   \cdot    1_{S_T > K}   \right]   - K e^{- r \tau} E^{\mathcal{Q}}_t  \left[    1_{S_T > K}   \right] 	
			\end{aligned}
		\end{equation*}
		$$ \left(  S_T > K  \implies  y >  -  \frac{  \ln \frac{F^T_t}{K}  +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} } := - d_2 \right) $$		
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-2}
				&= e^{- r \tau} \int_{- d_2}^{+ \infty}	 F^{T}_t  e^{  \left(   \mu_c  - \frac{1}{2} \sigma^2     \right) \tau  + \sigma \sqrt{\tau} y }   f(y)  dy  -  K  e^{- r \tau} \int_{- d_2}^{+ \infty}  f(y)  dy  \\
				&= 	 e^{- r \tau} F^{T}_t  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }  \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  f(y)  dy  -  K  e^{- r \tau}  \int_{- d_2}^{+ \infty}  f(y)  dy  \\
				&= 	 e^{- r \tau} F^{T}_t  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}    He_k(y) \phi(y) dy  -  K  e^{- r \tau} \sum_{k=0}^{n}  \frac{\rho_k}{k!} \int_{- d_2}^{+ \infty} He_k(y) \phi(y)  dy   \\
				&= 	 e^{- r \tau} F^{T}_t  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}    He_k(y) \phi(y) dy  -  K  e^{- r \tau} \sum_{k=0}^{n}  \frac{\rho_k}{k!} \int_{- d_2}^{+ \infty} He_k(y) \phi(y)  dy   \\
				&=   e^{- r \tau} F^{T}_t  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }  \left[   \underbrace{ \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}     \phi(y) dy }_{I_1}  +   \sum_{k=3}^{n}  \frac{\rho_k}{k!}  \underbrace{  \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}    He_k(y) \phi(y) dy    }_{I_2}  \right]  \\
				& \phantom{0} \phantom{0} 
				-  K  e^{- r \tau}   \left[  \underbrace{  \int_{- d_2}^{+ \infty}    \phi(y) dy  }_{I_3}   +    \sum_{k=3}^{n}  \frac{\rho_k}{k!}  \underbrace{ \int_{- d_2}^{+ \infty}    He_k(y) \phi(y) dy  }_{I_4}   \right] 
				,
			\end{aligned}
		\end{equation}
		where 
		$$d_2 = \frac{  \ln \frac{F^T_t}{K}  +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }, d_1 = d_2 + \sigma \sqrt{\tau}, $$
		$$\mu_c = - \frac{1}{\tau} \ln  \left[    1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right], $$
		$$  e^{\mu_c  \tau} = \frac{1}{   1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k  } , $$
		$$f(y) = \sum_{k=0}^{n} \frac{\rho_k}{k!} (-1)^k \phi^{(k)}(y)=  \sum_{k=0}^{n} \frac{\rho_k}{k!} He_k(y) \phi(y) = \left[ 1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} He_k(y)  \right] \phi(y), $$
		$k!$ is the factorial of $k$, $\phi(y)= \frac{1}{\sqrt{2 \pi}} \exp \left( - \frac{y^2}{2} \right) $ is the standard normal density function, $He_k(y)$ is the $k$-th order Hermite polynomial defined by $ He_k(y)  \equiv  (-1)^k  \frac{ \phi^{(k)}(y) }{ \phi(y)  } $, $\rho_k$ is the coefficient derived from the Hermite polynomial, $F^T_t = S_t e^{ r \tau}$ is the forward price at time $t$, $K$ is the strike price, $r$ is the risk-free interest rate, $\sigma$ is the volatility, and $\tau = T-t$ is the time to maturity.
		
		
		
		We first focus on the integral parts $I_1$, $I_2$, $I_3$  and   $I_4$, respectively
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-3}
				I_1
				& =   \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  \phi(y)  dy  \\
				& =   \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  \cdot \frac{1}{ \sqrt{2 \pi} }  \cdot  e^{ - \frac{y^2}{2}  }  dy  \\
				& =   \int_{- d_2}^{+ \infty}   \frac{1}{ \sqrt{2 \pi} }  \cdot  e^{ - \frac{y^2  -  2 \sigma \sqrt{\tau} y  + \sigma^2 \tau  -  \sigma^2 \tau }{2}  }  dy  \\
				& =   e^{ \frac{1}{2}  \sigma^2 \tau }  \int_{- d_2}^{+ \infty}   \frac{1}{ \sqrt{2 \pi} }  \cdot  e^{ - \frac{  \left(  y  - \sigma \sqrt{\tau}   \right)^2  }{2}  }  dy  \\
				\left( \mbox{Let} \; z =  -(y  - \sigma \sqrt{\tau}   ) \right) \quad  
				& =  e^{ \frac{1}{2}  \sigma^2 \tau }  \int_{- \infty}^{ d_2 + \sigma \sqrt{\tau} }   \frac{1}{ \sqrt{2 \pi} }  \cdot  e^{ - \frac{z^2}{2}  }  dz  \\
				& =  e^{ \frac{1}{2}  \sigma^2 \tau }  N(d_2 + \sigma \sqrt{\tau})  \\
				& =  e^{ \frac{1}{2}  \sigma^2 \tau }  N(d_1) 
				,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-4}
				I_2
				& =    \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}    He_k(y) \phi(y) dy   \\
				& =     \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}   (-1)^k \phi^{(k)}(y) dy   \\
				& =   (-1)^k  \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y} d  \phi^{(k-1)}(y)  \\
				& =   (-1)^k   
				\left[
				\left.   e^{\sigma \sqrt{\tau} y}  \phi^{(k-1)}(y)  \right|^{ + \infty  }_{ - d_2  } 
				-  \sigma \sqrt{\tau}   \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  \phi^{(k-1)}(y) dy
				\right]   \\
				& =    (-1)^k  
				\left[
				- e^{  -  \sigma \sqrt{\tau}  d_2 }  \phi^{(k-1)}( - d_2  )  
				-  \sigma \sqrt{\tau}   \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}   d \phi^{(k-2)}(y)
				\right]   \\
				& =    (-1)^k  
				\left[
				- e^{  - d_2 \sigma \sqrt{\tau}   } (-1)^{k-1}   He_{k-1}(  - d_2  )  \phi(- d_2)   \right.   \\
				& \phantom{0} \phantom{0} 
				-   \left.  \sigma \sqrt{\tau}  \left(     - e^{  - d_2  \sigma \sqrt{\tau}   }   \phi^{(k-2)}(- d_2)   -   \sigma \sqrt{\tau}    \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}   d \phi^{(k-3)}(y)  \right) 
				\right]   \\  
				& =    (-1)^k  
				\left[
				(-1)^{k}  e^{  - d_2 \sigma \sqrt{\tau}   }    He_{k-1}(  - d_2  )  \phi(- d_2)   \right.   \\
				& \phantom{0} \phantom{0} 
				+ \left.  (-1)^{k}  \sigma \sqrt{\tau}  e^{  - d_2 \sigma \sqrt{\tau}   }  He_{k-2}(  - d_2  )  \phi(- d_2)  
				+   (  \sigma \sqrt{\tau}  )^2   \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  \phi^{(k-2)}(y)  dy
				\right]   \\
				& =   e^{  - d_2 \sigma \sqrt{\tau}   }  \phi(- d_2)  
				\left[ 
				He_{k-1}(  - d_2  )  
				+  \sigma \sqrt{\tau} He_{k-2}(  - d_2  ) 
				+  (  \sigma \sqrt{\tau}  )^2  He_{k-3}(  - d_2  ) \right.   \\
				& \phantom{0} \phantom{0} 
				+  \left.  \cdots
				+   (  \sigma \sqrt{\tau}  )^{k-1}  He_{0}(  - d_2  ) 
				\right] 
				+  (-1)^{k} ( - \sigma \sqrt{\tau}  )^{k}  \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}  \phi(y)  dy   \\
				& =   e^{  - d_2 \sigma \sqrt{\tau}   }  \phi(- d_2) 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  ) 
				+  (  \sigma \sqrt{\tau}  )^{k}   e^{ \frac{1}{2}  \sigma^2 \tau }  N(d_1) 
				,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-5}
				I_3
				=   \int_{- d_2}^{+ \infty}   \phi(y)  dy 
				=    \int_{- \infty }^{d_2}   \phi(y)  dy 
				=  N(d_2)  ,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-6}
				I_4
				& =   \int_{- d_2}^{+ \infty}    He_k(y) \phi(y) dy  \\
				& =    \int_{- d_2}^{+ \infty}  (-1)^k \phi^{(k)}(y) dy  \\
				& = \left.   (-1)^k  \phi^{(k-1)}(y) \right|^{ + \infty  }_{ - d_2  }   \\
				& =   (-1)^{k+1}    \phi^{(k-1)}(- d_2)  \\
				& =   (-1)^{k+1} (-1)^{k-1}   He_{k-1}(  - d_2  )  \phi(- d_2)  \\
				& =  He_{k-1}(  - d_2  )  \phi(- d_2)
				.
			\end{aligned}
		\end{equation}
		
		
		Thus, Equation \eqref{e:equationE-2} can be written as
		\begin{equation*}
			\begin{aligned}
				\label{e:equationE-7}
				&  \hspace{0.5cm}  c^{GC}_t   \\
				&=   F^{T}_t  e^{- r \tau}  e^{    \mu_c   \tau }  N(d_1)  \\
				& \phantom{0} \phantom{0} 
				+  F^{T}_t  e^{- r \tau}  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }
				\sum_{k=3}^{n}  \frac{\rho_k}{k!} 
				\left[  
				e^{  - d_2 \sigma \sqrt{\tau}   }  \phi(- d_2) 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  ) 
				+   (  \sigma \sqrt{\tau}  )^{k}   e^{ \frac{1}{2}  \sigma^2 \tau }  N(d_1) 
				\right]  \\
				& \phantom{0} \phantom{0} 
				-  K  e^{- r \tau}   N(d_2)
				-  K  e^{- r \tau}  \sum_{k=3}^{n}  \frac{\rho_k}{k!}  He_{k-1}(  - d_2  )  \phi(- d_2)   \\
				&=   F^{T}_t  e^{- r \tau}  e^{    \mu_c   \tau }  N(d_1)   \left[  1 +   \sum_{k=3}^{n}  \frac{\rho_k}{k!}  (  \sigma \sqrt{\tau}  )^{k}   \right]  
				-  K  e^{- r \tau}   N(d_2) \\
				& \phantom{0} \phantom{0} 
				+  F^{T}_t  e^{- r \tau}  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }
				\sum_{k=3}^{n}  \frac{\rho_k}{k!}  e^{  - d_2 \sigma \sqrt{\tau}   }  \phi(- d_2) 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  ) \\
				& \phantom{0} \phantom{0} 
				-  K  e^{- r \tau}  \sum_{k=3}^{n}  \frac{\rho_k}{k!}  He_{k-1}(  - d_2  )  \phi(- d_2)   
			\end{aligned}
		\end{equation*}
		$$ \left(  d_2 = \frac{  \ln \frac{F^T_t}{K}  +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }  \implies   F^T_t   e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }  =  K e^{ d_2   \sigma \sqrt{\tau}  }   \right) $$		
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-8}
				&=  F^{T}_t  e^{- r \tau}    N(d_1)  
				-  K  e^{- r \tau}   N(d_2) 
				+  K  e^{- r \tau}   \phi(- d_2)   
				\sum_{k=3}^{n}  \frac{\rho_k}{k!} 
				\left[ 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  ) 
				-  He_{k-1}(  - d_2  ) 
				\right]  \\
				&=   F^{T}_t  e^{- r \tau}    N(d_1)  
				-  K  e^{- r \tau}   N(d_2) 
				+  K  e^{- r \tau}   \phi( d_2)   
				\sum_{k=3}^{n}  \frac{\rho_k}{k!} 
				\sum_{m=1}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  ) 
				.
			\end{aligned}
		\end{equation}
		
		
		By applying Lemma \ref{lem-He-negy}, Equation \eqref{e:equationE-8} can be rewritten as
		\begin{equation}
			\begin{aligned}
				\label{e:equationE-9}
				c^{GC}_t  
				&= 	F^{T}_t  e^{- r \tau}    N(d_1)  
				-  K  e^{- r \tau}   N(d_2) 
				+  K  e^{- r \tau}   \phi( d_2)   
				\sum_{k=3}^{n}  \frac{\rho_k}{k!} 
				\sum_{m=1}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}  (-1)^{k-m-1}  He_{k-m-1}(   d_2  )  \\
				&=  F^{T}_t  e^{- r \tau} N(d_1) - K e^{- r \tau} N(d_2)  
				- K e^{- r \tau} \phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!}  (-1)^k  \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m   He_{k-m-1}(d_2)  \right] 
				,
			\end{aligned}
		\end{equation}
		which is the simplified version of option pricing formula under Gram-Charlier density proposed by \citeauthoryear{aschakulporn2022bakshi}.
		
		
		
	\end{proof}
	
	
	
	
	\subsection[Proof of Prop-ct-Pi-sum]{Proof of Proposition \ref{prop-ct-sum}}\label{appendix-prop-ct-sum}
	
	
	
	\begin{proof}
		
		Similar to the proof of Lemma \ref{lem-ct-3parts}, the price of a European call option under Gram-Charlier density can be calculated with the \citeauthoryear{harrison1979martingales} and \citeauthoryear{harrison1981martingales} risk-neutral valuation formula. Following the steps in Equation \eqref{e:equationE-2}, we have
		\begin{equation*}
			\begin{aligned}
				\label{e:equationH-1.0}
				&  \hspace{0.5cm}  c^{GC}_t  \\
				&= e^{- r \tau} E^{\mathcal{Q}}_t  \left[    \max \left(  S_T - K   , 0 \right)    \right] 	\\
				&=   e^{- r \tau} F^{T}_t  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }  \left[   \underbrace{ \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}     \phi(y) dy }_{I_1}  +   \sum_{k=3}^{n}  \frac{\rho_k}{k!}  \underbrace{  \int_{- d_2}^{+ \infty}  e^{\sigma \sqrt{\tau} y}    He_k(y) \phi(y) dy    }_{I_2}  \right]  \\
				& \phantom{0} \phantom{0} 
				-  K  e^{- r \tau}   \left[  \underbrace{  \int_{- d_2}^{+ \infty}    \phi(y) dy  }_{I_3}   +    \sum_{k=3}^{n}  \frac{\rho_k}{k!}  \underbrace{ \int_{- d_2}^{+ \infty}    He_k(y) \phi(y) dy  }_{I_4}   \right]   \\
				&=   F^{T}_t  e^{- r \tau}  e^{    \mu_c   \tau }  N(d_1)  \\
				& \phantom{0} \phantom{0} 
				+  F^{T}_t  e^{- r \tau}  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }
				\sum_{k=3}^{n}  \frac{\rho_k}{k!} 
				\left[  
				e^{  - d_2 \sigma \sqrt{\tau}   }  \phi(- d_2) 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  ) 
				+   (  \sigma \sqrt{\tau}  )^{k}   e^{ \frac{1}{2}  \sigma^2 \tau }  N(d_1) 
				\right]  \\
				& \phantom{0} \phantom{0} 
				-  K  e^{- r \tau}   N(d_2)
				-  K  e^{- r \tau}  \sum_{k=3}^{n}  \frac{\rho_k}{k!}  He_{k-1}(  - d_2  )  \phi(- d_2)   \\
				&=   F^{T}_t  e^{- r \tau}  e^{    \mu_c   \tau }  N(d_1)   \left[  1 +   \sum_{k=3}^{n}  \frac{\rho_k}{k!}  (  \sigma \sqrt{\tau}  )^{k}   \right]  \\
				& \phantom{0} \phantom{0} 
				+  F^{T}_t  e^{- r \tau}  e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }
				\sum_{k=3}^{n}  \frac{\rho_k}{k!}  e^{  - d_2 \sigma \sqrt{\tau}   }  \phi(- d_2) 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  )  
				-  K  e^{- r \tau}  \Pi_2   
			\end{aligned}
		\end{equation*}
		$$ \left(  d_2 = \frac{  \ln \frac{F^T_t}{K}  +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }  \implies   F^T_t   e^{   \left(   \mu_c  - \frac{1}{2} \sigma^2    \right) \tau }  =  K e^{ d_2   \sigma \sqrt{\tau}  }   \right) $$		
		\begin{equation}
			\begin{aligned}
				\label{e:equationH-2.0}
				&=   F^{T}_t  e^{- r \tau}   N(d_1) 
				+   K e^{- r \tau} e^{ d_2   \sigma \sqrt{\tau}  } \sum_{k=3}^{n}  \frac{\rho_k}{k!}  e^{  - d_2 \sigma \sqrt{\tau}   }  \phi( d_2) 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  )  
				-  K  e^{- r \tau}  \Pi_2   \\
				&=   F^{T}_t  e^{- r \tau}   N(d_1) 
				+   K e^{- r \tau}  \phi( d_2)  \sum_{k=3}^{n}  \frac{\rho_k}{k!} 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  )  
				-  K  e^{- r \tau}  \Pi_2  
				.
			\end{aligned}
		\end{equation}
		where 
		$$d_2 = \frac{  \ln \frac{F^T_t}{K}  +  \left(  \mu_c    - \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }, d_1 = d_2 + \sigma \sqrt{\tau}, $$
		$$\mu_c = - \frac{1}{\tau} \ln  \left[    1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k   \right], $$
		$$  e^{\mu_c  \tau} = \frac{1}{   1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} (\sigma \sqrt{\tau})^k  } , $$
		$$f(y) = \sum_{k=0}^{n} \frac{\rho_k}{k!} (-1)^k \phi^{(k)}(y)=  \sum_{k=0}^{n} \frac{\rho_k}{k!} He_k(y) \phi(y) = \left[ 1 + \sum_{k=3}^{n} \frac{\rho_k}{k!} He_k(y)  \right] \phi(y), $$
		$k!$ is the factorial of $k$, $\phi(y)= \frac{1}{\sqrt{2 \pi}} \exp \left( - \frac{y^2}{2} \right) $ is the standard normal density function, $He_k(y)$ is the $k$-th order Hermite polynomial defined by $ He_k(y)  \equiv  (-1)^k  \frac{ \phi^{(k)}(y) }{ \phi(y)  } $, $\rho_k$ is the coefficient derived from the Hermite polynomial, $F^T_t = S_t e^{ r \tau}$ is the forward price at time $t$, $K$ is the strike price, $r$ is the risk-free interest rate, $\sigma$ is the volatility, and $\tau = T-t$ is the time to maturity.
		
		
		Now we only need to show that
		\begin{equation}
			\begin{aligned}
				\label{e:equationH-3.0}
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  )  
				= 	\sum_{h=1}^{k}  C^h_k  He_{h-1}(  - d_1 )   (  \sigma \sqrt{\tau}  )^{k-h}
			\end{aligned}
		\end{equation}
		holds.
		
		
		
		
		Since for any integer $k$ and $v$ with $k \geq v \geq 1$, we have
		$$   (1+x)^{k-v}   =  (1+x)^{k}  \frac{ 1 }{ (1+x)^{v} }  =  \sum_{ l=0 }^{k-v} C^l_{k-v} x^l ,   $$
		$$   (1+x)^{k}  =   \sum_{l=0}^{k} C^l_{k} x^l  ,  $$
		$$   \frac{  1  }{  (1+x)^{v}  }  =   \sum_{ l=0 }^{+ \infty} (-1)^l C^l_{v+l-1} x^l  ,  $$
		$$  \implies \sum_{ l=0 }^{k-v} C^l_{k-v} x^l   =   \left(      \sum_{l=0}^{k} C^l_{k} x^l     \right)     \left(     \sum_{ l=0 }^{+ \infty} (-1)^l C^l_{v+l-1} x^l     \right)   ,  $$
		
		and by comparing the coefficients of $x^{k-v}$ on both sides, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationH-2.01}
				\sum_{ l=0 }^{k-v} (-1)^l  C^{k-v-l}_{k} C^{l}_{v+l-1} = 1
				.
			\end{aligned}
		\end{equation}
		
		Equation \eqref{e:equationH-2.01} can be transformed into
		\begin{equation}
			\begin{aligned}
				\label{e:equationH-2.02}
				\sum_{ l=0 }^{k-v} (-1)^l  C^{v+l}_{k} C^{v-1}_{v+l-1} = 1
				,
			\end{aligned}
		\end{equation}
		when taking $v=1, 2, \cdots, k-1, k$, respectively, we can get the following equalities
		$$   C^{ 1 }_{ k } C^{ 0 }_{ 0 }   
		- C^{ 2 }_{ k } C^{ 0 }_{ 1 }
		+ C^{ 3 }_{ k } C^{ 0 }_{ 2 }
		+  \cdots
		+  (-1)^{k-1}  C^{ k }_{ k } C^{ 0 }_{ k-1 }
		= 1,   $$
		$$   C^{ 2 }_{ k } C^{ 1 }_{ 1 }   
		- C^{ 3 }_{ k } C^{ 1 }_{ 2 }
		+ C^{ 4 }_{ k } C^{ 1 }_{ 3 }
		+  \cdots
		+  (-1)^{k-2}  C^{ k }_{ k } C^{ 1 }_{ k-1 }
		= 1 ,  $$
		$$   \cdots,  $$
		$$  C^{ k-1 }_{ k } C^{ k-2 }_{ k-2 }   
		- C^{ k }_{ k } C^{ k-2 }_{ k-1 }
		=  1 ,  $$
		$$  C^{ k }_{ k } C^{ k-1 }_{ k-1 }   = 1   .  $$
		
		
		
		By applying Lemma \ref{lem-He-y+deltay} and Equation \eqref{e:equationH-2.02}, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationH-4.0}
				&  \hspace{0.5cm}   \sum_{h=1}^{k}  C^h_k  He_{h-1}(  - d_1 )  
				 (  \sigma \sqrt{\tau}  )^{k-h}  \\
				&=  \sum_{h=1}^{k}  C^h_k  
			    \left[ 	\sum_{m=0}^{h-1}   ( - \sigma \sqrt{\tau}  )^{m} C^m_{h-1}  He_{h-1-m}(  - d_2 ) \right]   (  \sigma \sqrt{\tau}  )^{k-h}    \\
				&=  C^{ 1 }_{ k } 
				\left[   C^{ 0 }_{ 0 }  He_{0}(  - d_2 )  
				\right]   
				(  \sigma \sqrt{\tau}  )^{k-1}   \\
				& \phantom{0} \phantom{0} 
				+  C^{ 2 }_{ k } 
				\left[  
				( - \sigma \sqrt{\tau}  ) C^{ 0 }_{ 1 }  He_{0}(  - d_2 ) 
				+  C^{ 1 }_{ 1 }  He_{1}(  - d_2 ) 
				\right]  
				(  \sigma \sqrt{\tau}  )^{k-2}   \\
				& \phantom{0} \phantom{0} 
				+   C^{ 3 }_{ k } 
				\left[  
				( - \sigma \sqrt{\tau}  )^{2} C^{ 0 }_{ 2 }  He_{0}(  - d_2 ) 
				+  ( - \sigma \sqrt{\tau}  ) C^{ 1 }_{ 2 }  He_{1}(  - d_2 )   
				+  C^{ 2 }_{ 2 }  He_{2}(  - d_2 )   
				 \right]   
				 (  \sigma \sqrt{\tau}  )^{k-3}   \\
				& \phantom{0} \phantom{0} 
				+   \cdots   \\
				& \phantom{0} \phantom{0} 
				+   C^{ h }_{ k } 
				\left[  
				( - \sigma \sqrt{\tau}  )^{h-1} C^{ 0 }_{ h-1 }  He_{0}(  - d_2 ) 
				+  ( - \sigma \sqrt{\tau}  )^{h-2}  C^{ 1 }_{ h-1 }  He_{1}(  - d_2 ) 
				+ \cdots  
				+  C^{ h-1 }_{ h-1 }  He_{h-1}(  - d_2 )   
				\right]   
				(  \sigma \sqrt{\tau}  )^{k-h}   \\
				& \phantom{0} \phantom{0} 
				+   \cdots   \\
				& \phantom{0} \phantom{0} 
				+   C^{ k }_{ k } 
				\left[  
				( - \sigma \sqrt{\tau}  )^{k-1} C^{ 0 }_{ k-1 }  He_{0}(  - d_2 ) 
				+  ( - \sigma \sqrt{\tau}  )^{k-2}  C^{ 1 }_{ k-1 }  He_{1}(  - d_2 ) 
				+ \cdots  
				+  C^{ k-1 }_{ k-1 }  He_{k-1}(  - d_2 )   
				\right]   
				(  \sigma \sqrt{\tau}  )^{k-k}  \\
				&=   \left[  
				   C^{ 1 }_{ k } C^{ 0 }_{ 0 }   
				 - C^{ 2 }_{ k } C^{ 0 }_{ 1 }
				 + C^{ 3 }_{ k } C^{ 0 }_{ 2 }
				 +  \cdots
				 +  (-1)^{k-1}  C^{ k }_{ k } C^{ 0 }_{ k-1 }
				  \right] 
				  He_{0}(  - d_2 )   (  \sigma \sqrt{\tau}  )^{k-1}  \\
				  & \phantom{0} \phantom{0} 
				  +  \left[  
				  C^{ 2 }_{ k } C^{ 1 }_{ 1 }   
				  - C^{ 3 }_{ k } C^{ 1 }_{ 2 }
				  + C^{ 4 }_{ k } C^{ 1 }_{ 3 }
				  +  \cdots
				  +  (-1)^{k-2}  C^{ k }_{ k } C^{ 1 }_{ k-1 }
				  \right] 
				  He_{1}(  - d_2 )   (  \sigma \sqrt{\tau}  )^{k-2}  \\
				  & \phantom{0} \phantom{0} 
				  +  \cdots   \\
				  & \phantom{0} \phantom{0} 
				  +  \left(  
				  C^{ k-1 }_{ k } C^{ k-2 }_{ k-2 }   
				  - C^{ k }_{ k } C^{ k-2 }_{ k-1 }
				 \right) 
				  He_{k-2}(  - d_2 )   (  \sigma \sqrt{\tau}  )  \\
				  & \phantom{0} \phantom{0} 
				  +  
				  C^{ k }_{ k } C^{ k-1 }_{ k-1 }    
				  He_{k-1}(  - d_2 )   \\
				 &=   He_{0}(  - d_2 )   (  \sigma \sqrt{\tau}  )^{k-1} 
				 +  He_{1}(  - d_2 )   (  \sigma \sqrt{\tau}  )^{k-2} 
				 +  \cdots
				 +   He_{k-1}(  - d_2 )   (  \sigma \sqrt{\tau}  )^{k-k}   \\
				 &=   \sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  )  
				.
			\end{aligned}
		\end{equation}
		
		
		
		Hence, Equation \eqref{e:equationH-2.0} can be rewritten as
		\begin{equation*}
			\begin{aligned}
				\label{e:equationH-5.00}
				c^{GC}_t  
				&= 	F^{T}_t  e^{- r \tau}   N(d_1) 
				+   K e^{- r \tau}  \phi( d_2)  \sum_{k=3}^{n}  \frac{\rho_k}{k!} 
				\sum_{m=0}^{k-1}  (  \sigma \sqrt{\tau}  )^{m}   He_{k-m-1}(  - d_2  )  
				-  K  e^{- r \tau}  \Pi_2  \\
				&=   F^{T}_t  e^{- r \tau}   \left[  N(d_1)  +  \frac{K \phi(d_2)}{F^T_t}  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h}    \right]   
				-  K  e^{- r \tau}  \Pi_2  
			\end{aligned}
		\end{equation*}
		$$ \left(   \frac{     \phi(d_2)    }{  \phi(d_1)  }  =  e^{ d_2   \sigma \sqrt{\tau} 
			+ \frac{1}{2} \sigma^2 \tau  } 
		  \implies    \frac{K \phi(d_2)}{F^T_t}  =    e^{   \mu_c   \tau }   \phi( d_1)  \right) $$		
        \begin{equation}
        	\begin{aligned}
        		\label{e:equationH-5.0}
        		&=   F^{T}_t  e^{- r \tau}   \left[  N(d_1)  +  e^{   \mu_c   \tau } \phi( d_1) 
        		 \sum_{k=3}^{ n }  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h}    \right]   
        		-  K  e^{- r \tau}  \Pi_2  \\
        		&=  F^T_t  e^{- r \tau}  \Pi_1  -  K  e^{- r \tau}  \Pi_2  
        		.
        	\end{aligned}
        \end{equation}
		
		
		
	\end{proof}
	
	
	
	
	
	\subsection[Proof of Lem-identity]{ Proof of Lemma \ref{lem-identity} }\label{appendix-lem-identity}
	
	
	
	\begin{proof}
		
	
		
		First we focus on $   \frac{  \partial  \Pi_1  }{ \partial  S_t }   $
		\begin{equation}
			\begin{aligned}
				\label{eq-J-1}
				\frac{  \partial  \Pi_1  }{ \partial  S_t }   
				&=    \frac{  \partial  }{ \partial  S_t } 
				\left[  
				 N(d_1) 
				 +  e^{   \mu_c   \tau } \phi( d_1)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}     \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h}  
				 \right]     \\
			   &=    \phi(d_1)   \frac{  \partial  d_1  }{ \partial  S_t } 
			   +  e^{   \mu_c   \tau }    \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  \sum_{h=1}^{ k }  C^{h}_k    
			   \frac{  \partial  }{ \partial  S_t }   \left[  \phi( d_1) He_{h-1}(-d_1)   \right]  \left(  \sigma \sqrt{\tau} \right)^{k-h}    
				.
			\end{aligned}
		\end{equation}
		
		
		By Lemma \ref{lem-He-Appell}, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationJ.1-2}
				&  \hspace{0.5cm}  \frac{  \partial  }{ \partial  S_t }   \left[  \phi(d_1)  He_{h-1}(-d_1)   \right]  \\
				&=  \frac{  \partial  \phi(d_1)  }{ \partial  d_1 }  \frac{  \partial d_1  }{ \partial  S_t } He_{h-1}(-d_1) 
				+  \phi(d_1) (h-1)  He_{h-2}(-d_1)  \frac{  \partial (- d_1)  }{ \partial  S_t }   \\
				&=   \phi(d_1)  \left[  (- d_1) He_{h-1}(-d_1)  -    (h-1)  He_{h-2}(-d_1)  \right]  \frac{  \partial d_1  }{ \partial  S_t }  \\
				&=   \phi(d_1)   He_{h}(-d_1)  \frac{  \partial d_1  }{ \partial  S_t }  
				.
			\end{aligned}
		\end{equation}
		
		
		
		Note that
		\begin{equation}
			\begin{aligned}
				\label{e:equationJ.1-5}
				&  \hspace{0.5cm} \sum_{h=1}^{ k }  C^{h}_k  He_{h}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h}    \\
				&=   \sum_{h=1}^{ k }  C^{h}_k   \int_{- \infty}^{+ \infty} (it -d_1)^{h} \phi(t) dt   \left(  \sigma \sqrt{\tau} \right)^{k-h}    \\
				&=  \int_{- \infty}^{+ \infty}    \sum_{h=1}^{ k }  C^{h}_k  (it -d_1)^{h}   \left(  \sigma \sqrt{\tau} \right)^{k-h}    \phi(t) dt  \\
				&=  \int_{- \infty}^{+ \infty}    \sum_{h=0}^{ k }  C^{h}_k  (it -d_1)^{h}   \left(  \sigma \sqrt{\tau} \right)^{k-h}    \phi(t) dt 
				-  \int_{- \infty}^{+ \infty}     C^{0}_k  (it -d_1)^{0}   \left(  \sigma \sqrt{\tau} \right)^{k}    \phi(t) dt   \\
				&=  \int_{- \infty}^{+ \infty}  (it -d_1  +\sigma \sqrt{\tau})^{k} \phi(t) dt   
				-    \left(  \sigma \sqrt{\tau} \right)^{k}    \\
				&=   He_{k}(-d_2)  	-    \left(  \sigma \sqrt{\tau} \right)^{k} 
				,
			\end{aligned}
		\end{equation}
		Equation \eqref{eq-J-1} can be continued as
		\begin{equation}
			\begin{aligned}
				\label{eq-J-2}
				&  \hspace{0.5cm}    \frac{  \partial  \Pi_1  }{ \partial  S_t }   \\ 
				&=   \phi(d_1)   \frac{  \partial  d_1  }{ \partial  S_t } 
				+    e^{   \mu_c   \tau } \phi( d_1) 
				\sum_{k=3}^{ n }  \frac{\rho_k}{k!}  \sum_{h=1}^{ k }  C^{h}_k 
				 He_{h}(-d_1) 
				  \frac{  \partial d_1  }{ \partial  S_t }     \left(  \sigma \sqrt{\tau} \right)^{k-h}      \\
				&=   \phi(d_1)   \frac{  \partial  d_1  }{ \partial  S_t }  
				+   e^{   \mu_c   \tau } \phi( d_1)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!} 
				\left[    He_{k}(-d_2)  	-    \left(  \sigma \sqrt{\tau} \right)^{k}   \right]  \frac{  \partial  d_1  }{ \partial  S_t }     \\
				&=    \phi(d_1)  
				 \left\lbrace
				 1 
				 +  e^{   \mu_c   \tau }  
				 \left[           
				  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)   
				  -    \sum_{k=3}^{ n }  \frac{\rho_k}{k!}    \left(  \sigma \sqrt{\tau} \right)^{k} 
				  \right] 
				 \right\rbrace 
				\frac{  \partial  d_1  }{ \partial  S_t }     \\
				 \left( \because \; \sum_{k=3}^{ n } \frac{\rho_k}{k!}    \left(  \sigma \sqrt{\tau} \right)^{k}  =  e^{   - \mu_c   \tau }   - 1  \right)  \; 
				&=   \phi(d_1)  
				 \left\lbrace
				1 
				+  e^{   \mu_c   \tau }  
				\left[           
				\sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)   
				-    e^{   - \mu_c   \tau }   + 1
				\right] 
				\right\rbrace 
				\frac{  \partial  d_1  }{ \partial  S_t }     \\
				&=   \phi(d_1)    e^{   \mu_c   \tau }  
				\left[ 
				1 
				+  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
				\right] 
				\frac{  \partial  d_1  }{ \partial  S_t } 
				.
			\end{aligned}
		\end{equation}
		
		
		
		Then we consider $   \frac{  \partial  \Pi_2  }{ \partial  S_t }   $
		\begin{equation}
			\begin{aligned}
				\label{eq-J-3}
				\frac{  \partial  \Pi_2  }{ \partial  S_t }   
				&=  \frac{  \partial  }{ \partial  S_t } 
				\left[  
				N(d_2) +  \phi(d_2)  \sum_{k=3}^{ n }       \frac{\rho_k}{k!}   He_{k-1}(-d_2) 
				\right]    \\
				&=   \phi(d_2)   \frac{  \partial  d_2  }{ \partial  S_t } 
				+   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
				\frac{  \partial  }{ \partial  S_t }   \left[  \phi(d_2)  He_{k-1}(-d_2)   \right]  
				.
			\end{aligned}
		\end{equation}
		
		
		Applying Lemma \ref{lem-He-Appell} again, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationJ.1-3}
				&  \hspace{0.5cm}  \frac{  \partial  }{ \partial  S_t }   \left[  \phi(d_2)  He_{k-1}(-d_2)   \right]  \\
				&=  \frac{  \partial  \phi(d_2)  }{ \partial  d_2 }  \frac{  \partial d_2  }{ \partial  S_t } He_{k-1}(-d_2) 
				+  \phi(d_2) (k-1)  He_{k-2}(-d_2)  \frac{  \partial (- d_2)  }{ \partial  S_t }   \\
				&=   \phi(d_2)  \left[  (- d_2) He_{k-1}(-d_2)  -    (k-1)  He_{k-2}(-d_2)  \right]  \frac{  \partial d_2  }{ \partial  S_t }  \\
				&=   \phi(d_2)  He_{k}(-d_2)  \frac{  \partial d_2  }{ \partial  S_t }  
				.
			\end{aligned}
		\end{equation}
	
		
		
		Equation \eqref{eq-J-3} can be continued as
		\begin{equation}
			\begin{aligned}
				\label{eq-J-4}
				\frac{  \partial  \Pi_2  }{ \partial  S_t }   
				&=   \phi(d_2)   \frac{  \partial  d_2  }{ \partial  S_t } 
				+ \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
				He_{k}(-d_2)  \frac{  \partial d_2  }{ \partial  S_t }  \\
				&=   \phi(d_2)  	
				\left[ 
				1 
				+  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
				\right] 
				\frac{  \partial  d_2  }{ \partial  S_t } 
				.
			\end{aligned}
		\end{equation}
		
		
		Combine Equation \eqref{eq-J-2} and \eqref{eq-J-4} and multiply by the corresponding coefficients, we have
		\begin{equation}
			\begin{aligned}
				\label{eq-J-5}
				&  \hspace{0.5cm} 
				F^T_t  e^{- r \tau}   \frac{  \partial  \Pi_1  }{ \partial  S_t }   
				-   K  e^{- r \tau}   \frac{  \partial  \Pi_2  }{ \partial  S_t }  \\
				&=   F^T_t  e^{- r \tau}  
				\phi(d_1)  e^{   \mu_c   \tau }  
				\left[ 
				1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
				\right] 
				\frac{  \partial  d_1  }{ \partial  S_t } 
				-   K  e^{- r \tau} 
				\phi(d_2)   
				\left[ 
				1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
				\right] 
				\frac{  \partial  d_2  }{ \partial  S_t } 
				.
			\end{aligned}
		\end{equation}
		
		
		
		Since 
		$$d_1 + d_2 = 2 \frac{ \ln \frac{F^T_t}{K} + \mu_c \tau  }{\sigma \sqrt{\tau}}, \quad  d_1 - d_2 = \sigma \sqrt{\tau} ,  $$
		
		we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationJ.1-7.0}
				 \frac{  \phi(d_2)  }{   \phi(d_1)   }  
				=     e^{   \frac{1}{2}  \left(  d^2_1 - d^2_2 \right)   }  
				=    e^{   \frac{1}{2}  \left(  d_1 + d_2 \right) \left(  d_1 - d_2 \right)    }   
				=   e^{   \ln  \frac{F^T_t}{K} + \mu_c \tau   }   
				&=   \frac{F^T_t}{K}  e^{   \mu_c   \tau }  
				,
			\end{aligned}
		\end{equation}
		then 
		\begin{equation}
			\begin{aligned}
				\label{e:equationJ.1-7.00}
				\phi(d_2)  
				=  \frac{F^T_t}{K}  e^{   \mu_c   \tau }  	\phi(d_1)  
				.
			\end{aligned}
		\end{equation}
		
		
			Note that $  \frac{  \partial  d_1  }{ \partial  S_t }  = \frac{  \partial  d_2  }{ \partial  S_t }   $, and hence Equation \eqref{eq-J-5} can be continued as
			\begin{equation}
			\begin{aligned}
				\label{e:equationJ.1-7.000}
				&  \hspace{0.5cm}   F^T_t  e^{- r \tau}   \frac{   \partial \Pi_1   }{  \partial S_t    } 
				-    K  e^{- r \tau}   \frac{   \partial \Pi_2   }{  \partial S_t    }   \\
				&=   \underbrace{ \left[ 
				  F^T_t   \phi(d_1)  e^{   \mu_c   \tau }  
				-   K   \phi(d_2)   
				\right]   }_{ 0 }  
				e^{- r \tau}
				\left[ 
				1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  He_{k}(-d_2)  
				\right] 
				\frac{  \partial  d_1  }{ \partial  S_t }    \\
				&=  0
				.
			\end{aligned}
		\end{equation}
		
		
		
		
	\end{proof}
	
	
	%%以下证明记得把identity的部分直接引用上面这个lemma！！
	%%delta这一部分放ct的sum形式那节后面，然后加承上启下句子，说明delta的ct用的是第一个prop的累和π形式的ct，之后会给出另外一个积分的π形式并证明两个ct相等，也可以用那个ct算
	
	
	\subsection[Proof of Prop-delta]{ Proof of Proposition \ref{prop-delta} }\label{appendix-prop-delta}
	
	
	
	\begin{proof}
		
		
		 Here we use the option pricing formula presented in Proposition \ref{prop-ct-sum} to derive $\Delta$ under Gram-Charlier density. According to Lemma \ref{lem-identity}, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationJ.1-1}
				  \Delta^{GC}  
				& \equiv  \frac{  \partial c^{GC}_t   }{ \partial  S_t }      \\
				&=  \frac{  \partial  }{ \partial  S_t } \left(    F^T_t  e^{- r \tau}  \Pi_1  -  K  e^{- r \tau}  \Pi_2  \right)     \\
				&=     \Pi_1  +
				\underbrace{      F^T_t  e^{- r \tau}   \frac{  \partial  \Pi_1  }{ \partial  S_t } 
					-   K  e^{- r \tau}  \frac{  \partial  \Pi_2  }{ \partial  S_t }    }_{0}   \\
			    &=    \Pi_1
				.
			\end{aligned}
		\end{equation}
		
	
		
	\end{proof}
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	\subsection[Proof of Lem-fphi-chf]{Proof of Lemma \ref{lem-fphi-chf}}\label{appendix-lem-fphi-chf}
	
	
	\begin{proof}
		
		According to Definition \ref{def-Rtau-logreturn}, the characteristic function of the random variable $R_\tau=\ln \frac{S_T}{F^T_t}=  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y   $ under Gram-Charlier density can be derived by
     \begin{equation}
    	\begin{aligned}
    		\label{e:equationH-1}
    	    &  \hspace{0.5cm} 	f( \phi )  \\
    		&\equiv E^{\mathcal{Q}}_t \left[ e^{i \phi R_\tau}  \right]    \\
    		&=  e^{ i \phi  \left(  \mu_c   -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot  E^{\mathcal{Q}}_t \left[ e^{i \phi \sigma \sqrt{\tau}Y}  \right]    \\
    		&=   e^{ i \phi  \left(  \mu_c   -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot  \int_{- \infty}^{+ \infty}  e^{i \phi  \sigma \sqrt{\tau}y} \cdot  f\left( y  \right) d y  \\
    		&=   e^{ i \phi  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \int_{- \infty}^{+ \infty}  e^{i \phi \sigma \sqrt{\tau} y} \cdot \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot He_k(y)  \cdot  \phi(y)  d y  \\
    		&=  e^{ i \phi  \left(  \mu_c     -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \cdot   \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y}  \cdot  He_k(y)  \cdot  \phi(y)  dy  \\
    		&=  e^{ i \phi  \left(  \mu_c     -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot  \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y}  \cdot  (-1)^{k}  \cdot  \phi^{(k)}(y)  dy  \\
    		&=  e^{ i \phi  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot  (-1)^{k}  \cdot  \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y}       d  \phi^{(k-1)}(y)  \\
    		&=  e^{ i \phi  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot  (-1)^{k}  \cdot  \left[   0 -  \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y} \cdot \phi^{(k-1)}(y)  \cdot  \left(   i \phi  \sigma \sqrt{\tau}  \right)       dy \right]  \\
    		&=  e^{ i \phi  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot  (-1)^{k}  \cdot  \left[   (-1) \cdot  \left(   i \phi  \sigma \sqrt{\tau}  \right)   \cdot    \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y}      d   \phi^{(k-2)}(y)  \right]  \\
    		&=  e^{ i \phi  \left(  \mu_c     -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot  (-1)^{k}  \cdot  (-1) \cdot  \left(   i \phi  \sigma \sqrt{\tau}  \right)   \cdot     \left[ 0  -  \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y}  \cdot  \phi^{(k-2)}(y)  \cdot  \left(   i \phi  \sigma \sqrt{\tau}  \right)   dy  \right]  \\
    		&=  e^{ i \phi  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot  (-1)^{k}  \cdot  \left[   (-1)^2 \cdot  \left(   i \phi  \sigma \sqrt{\tau}  \right)^2   \cdot    \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y}  \cdot  \phi^{(k-2)}(y)  dy     \right]  \\
    		&=  \cdots   \\
    		&=  e^{ i \phi  \left(  \mu_c     -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!} \cdot  (-1)^{k}  \cdot  \left[   (-1)^k \cdot  \left(   i \phi  \sigma \sqrt{\tau}  \right)^k   \cdot    \int_{- \infty}^{+ \infty}   e^{i \phi  \sigma \sqrt{\tau}  y}  \cdot  \phi(y)  dy     \right]  \\
    		&=  e^{ i \phi  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!}   \cdot      \left(   i \phi  \sigma \sqrt{\tau}  \right)^k   \cdot    \int_{- \infty}^{+ \infty}  \frac{1}{\sqrt{ 2 \pi}}   \cdot  e^{   - \frac{1}{2} \left(  y  -  i \phi  \sigma \sqrt{\tau}  \right)^2  }  \cdot  e^{   \frac{1}{2} \left( i  \phi \sigma \sqrt{\tau} \right)^2   }  dy    \\
    		&=  e^{ i \phi  \left(  \mu_c      -  \frac{1}{2} \sigma^2 \right)  \tau}  \cdot   \sum_{k=0}^{ n }  \frac{\rho_k}{k!}    \cdot  \left(  i  \phi   \sigma \sqrt{\tau}  \right)^k  \cdot  e^{\frac{1}{2} \left( i  \phi \sigma \sqrt{\tau} \right)^2   }   \\ 
    		&=    e^{  i  \phi  \mu_c    \tau  -  \frac{1}{2} \sigma^2 \tau  i  \phi  \left( 1 - i  \phi \right)   }    \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left(  i  \phi   \sigma \sqrt{\tau}  \right)^k  
    		.
    	\end{aligned}
    \end{equation}
		
		
	
		
		
	\end{proof}
	
	
	 

	
	
	
	 \subsection[Proof of Prop-ct-equivalence]{ Proof of Proposition \ref{prop-ct-sum=int} }\label{appendix-prop-ct-sum=int}
	 
	 
	 
	  \begin{proof}
	  	
	  	
	  According to Lemma \ref{lem-fphi-chf}, we have
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-1}
	  		f( \phi )  
	  		& \equiv  E^{\mathcal{Q}}_t \left[ e^{i \phi R_\tau }  \right]  \\
	  		& =  e^{  i  \phi    \mu_c    \tau  -  \frac{1}{2} \sigma^2 \tau  i  \phi  \left( 1 - i  \phi \right)   }    \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(  i  \phi   \sigma \sqrt{\tau}  \right)^k 
	  		,
	  	\end{aligned}
	  \end{equation}
	  $$\implies  f_1 ( \phi )  =  e^{\mu_c \tau}  e^{ i  \phi  \left(  \mu_c  +   \frac{1}{2} \sigma^2    \right)  \tau   -    \frac{1}{2}   \phi^2  \sigma^2 \tau  }   \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left[   \left(  i  \phi +1  \right)   \sigma \sqrt{\tau}  \right] ^k , $$
	  $$ f_2 ( \phi )  =    e^{ i  \phi  \left(  \mu_c  -   \frac{1}{2} \sigma^2    \right)  \tau   -    \frac{1}{2}   \phi^2  \sigma^2 \tau  }   \sum_{k=0}^{ n }  \frac{\rho_k}{k!}    \left(  i  \phi    \sigma \sqrt{\tau}   \right) ^k . $$
	  
	  
	  By applying substitution method, Euler's formula and the property of conjugate complex number, we have
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-2}
	  		\Pi_2 
	  		& = \frac{1}{2} + \frac{1}{\pi}  \int_{0}^{+ \infty} \mathcal{R} \left[ \frac{f_2 (\phi) \cdot e^{ - i \phi \ln \frac{K}{F^T_t} }}{i \phi} \right] d \phi  \\
	  		& =   \frac{1}{2} + \frac{1}{2  \pi}  \int_{- \infty}^{+ \infty} \frac{f(\phi) \cdot e^{ - i \phi \ln \frac{K}{F^T_t} }}{i \phi}   d \phi  \\
	  		& =    \frac{1}{2} + \frac{1}{2  \pi}  \int_{- \infty}^{+ \infty}  e^{  i \phi  \left(  \mu_c  -   \frac{1}{2} \sigma^2    \right)  \tau   -   \frac{1}{2}  \phi^2 \sigma^2  \tau } \left[   \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(  i  \phi   \sigma \sqrt{\tau}  \right)^k \right]   \frac{  e^{ - i \phi \ln \frac{K}{F^T_t} }}   {  i \phi   }   d \phi  \\
	  		& =    \frac{1}{2} + \frac{1}{2  \pi}  \int_{- \infty}^{+ \infty}  e^{  i \phi \left[  \left(  \mu_c  -   \frac{1}{2} \sigma^2    \right)  \tau   +  \ln \frac{ F^T_t  }{ K } \right]  -   \frac{1}{2}  \phi^2 \sigma^2  \tau }  \left(    \frac{1}{i  \phi }  \right)  \left[   1  +    \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left(    i  \phi   \sigma \sqrt{\tau}   \right)^k  \right]    d \phi  \\
	  		& =  \underbrace{ \frac{1}{2} + \frac{1}{2  \pi}   \int_{- \infty}^{+ \infty}  e^{  i  \phi  d_2   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }  \left(    \frac{1}{i  \phi }  \right) d \phi  }_{A_2}  \\
	  		& \phantom{0} \phantom{0} 
	  		+   \underbrace{\frac{ 1   }{2  \pi}   \int_{- \infty}^{+ \infty} e^{  i  \phi  d_2   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }    \left(    \frac{1}{i  \phi }  \right)       \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}   \left(    i  \phi   \sigma \sqrt{\tau}   \right)^k  \right] d \phi}_{B_2}
	  		,
	  	\end{aligned}
	  \end{equation}
	  	\begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-3}
	  		\Pi_1 
	  		& = \frac{1}{2} + \frac{1}{\pi}  \int_{0}^{+ \infty} \mathcal{R} \left[ \frac{f_1 (\phi) \cdot e^{ - i \phi \ln \frac{K}{F^T_t} }}{i \phi} \right] d \phi  \\
	  		& =  \frac{1}{2} + \frac{1}{2  \pi}   \int_{- \infty}^{+ \infty}  \frac{f_1 (\phi) \cdot e^{ - i \phi \ln \frac{K}{F^T_t} }}{i \phi}   d \phi  \\
	  		& =  \frac{1}{2} + \frac{1}{2  \pi}   \int_{- \infty}^{+ \infty}  e^{\mu_c \tau}  e^{ i  \phi  \left(  \mu_c  +   \frac{1}{2} \sigma^2    \right)  \tau   -    \frac{1}{2}   \phi^2  \sigma^2 \tau  } \left\lbrace    \sum_{k=0}^{ n }  \frac{\rho_k}{k!}    \left[   \left(  i  \phi +1  \right)   \sigma \sqrt{\tau}  \right] ^k  \right\rbrace   \frac{  e^{ - i \phi \ln \frac{K}{F^T_t} }}   {  i \phi   }   d \phi  \\
	  		& =  \frac{1}{2} + \frac{  e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty}  e^{  i \phi \left[  \left(  \mu_c  +   \frac{1}{2} \sigma^2    \right)  \tau   +  \ln \frac{ F^T_t  }{ K } \right]  -   \frac{1}{2}  \phi^2 \sigma^2  \tau }  \left(    \frac{1}{i  \phi }  \right)  \left\lbrace    1  +    \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left[  \left(   i  \phi + 1  \right)   \sigma \sqrt{\tau}  \right]^k  \right\rbrace    d \phi  \\
	  		& =   \frac{1}{2} + \frac{  e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty}  
	  		e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }   \left(    \frac{1}{i  \phi }  \right)   \left\lbrace   1 +      \sum_{k=3}^{ n }  \frac{\rho_k}{k!} \left[    1 +    \sum_{h=1}^{ k } C^h_k  \left(   i  \phi     \right)^h \right]     \left(  \sigma \sqrt{\tau} \right)^k   \right\rbrace  d \phi  \\
	  		& =  \frac{1}{2} + \frac{  e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty} 
	  		e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }   \left(    \frac{1}{i  \phi }  \right)   \left\lbrace     \left[    1  +    \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  \left(  \sigma \sqrt{\tau} \right)^k  \right]   
	  		\right.   \\
	  		& \phantom{0} \phantom{0} 
	  		\left.
	  		+  
	  		\sum_{k=3}^{ n }  \frac{\rho_k}{k!}  \sum_{h=1}^{ k } C^h_k \left(   i  \phi     \right)^h   \left(  \sigma \sqrt{\tau} \right)^k   \right\rbrace   d \phi  \\
	  		& =  \frac{1}{2} 
	  		+ \frac{  e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty} e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }   \left(    \frac{1}{i  \phi }  \right)     \underbrace{ \left[   1 +  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  \left(  \sigma \sqrt{\tau} \right)^k \right] }_{ e^{-  \mu_c \tau}   }    d \phi  \\
	  		& \phantom{0} \phantom{0} 
	  		 + \frac{  e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty} e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }   \left(    \frac{1}{i  \phi }  \right)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  \sum_{h=1}^{ k } C^h_k \left(   i  \phi     \right)^h   \left(  \sigma \sqrt{\tau} \right)^k  d \phi  \\
	  		& =  \underbrace{\frac{1}{2} + \frac{1}{2  \pi}   \int_{- \infty}^{+ \infty}  e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }  \left(    \frac{1}{i  \phi }  \right) d \phi  }_{A_1}  \\
	  		& \phantom{0} \phantom{0} 
	  		+   \underbrace{\frac{ e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty} e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }       \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \left(  i  \phi  \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^k \right]   d \phi }_{B_1}
	  		.
	  	\end{aligned}
	  \end{equation}
	  
	  %%下面的条件(ii)是用来证新Form 1等于lemma 7的，如果要证新form 1=form 2就把F和K系数去掉！！再在后面多加一行lemma 2使得π1和π*1相等？？
	  %等后面要证等于Lemma 7时再加上条件(iii)，即原来的条件(ii)
	  
	  To show two forms of option pricing formula under Gram-Charlier density (given in our Proposition \ref{prop-ct-sum} and Proposition \ref{prop-ct-int}) are equivalent, we only need to show both of the following two conditions hold
	  $$ (\text{i}) \quad  A_j =  N(d_j),  j = 1, 2  ; $$
	  $$ (\text{ii}) \quad   
	  B_1 = e^{   \mu_c   \tau } \phi( d_1)  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left[   \sum_{h=1}^{ k }  C^{h}_k  He_{h-1}(-d_1)  \left(  \sigma \sqrt{\tau} \right)^{k-h} \right]  
	   \,  \text{and}   \,
	   B_2 =  \phi(d_2)  \sum_{k=3}^{ n }     \left[    \frac{\rho_k}{k!}   He_{k-1}(-d_2)  \right]  
	    . $$
	  
	  
	  
	  
	  
	  We show (i) first
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-4}
	  		\frac{  \partial   A_j  }{ \partial K }
	  		&=    \frac{1}{2  \pi }  \int_{- \infty}^{+ \infty}  e^{  i  \phi  d_j   \sigma \sqrt{\tau}     -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }   i  \phi    \sigma \sqrt{\tau}  \left( -  \frac{ 1   }{   K \sigma \sqrt{\tau}  } \right) \frac{ 1 }{   i  \phi  }  d \phi  \\
	  		&=   - \frac{1}{ 2  \pi  K}  \int_{- \infty}^{+ \infty}  e^{  i  \phi  d_j   \sigma \sqrt{\tau}     -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }  d \phi  \\
	  		&=    - \frac{1}{ 2  \pi  K}   \int_{- \infty}^{+ \infty}  e^{   -  \frac{ 1 }{  2  }  \left(  \phi  \sigma \sqrt{\tau}  -   d_j   i     \right)^2  -       \frac{ 1 }{  2  }  d^2_j  }   d \phi  \\
	  		 \left( \mbox{Let} \; z = \phi  \sigma \sqrt{\tau} -  d_j  i   \right) \quad 
	  		&=   - \frac{1}{ 2  \pi  K}  \int_{- \infty}^{+ \infty}   e^{   -  \frac{ 1 }{  2  }  z^2 }  e^{   -  \frac{ 1 }{  2  }  d^2_j }   \frac{  1 }{  \sigma \sqrt{\tau}  }  dz  \\
	  		&=   -  \frac{1}{2  \pi K  \sigma \sqrt{\tau}  }  e^{  - \frac{1}{2} d^2_j }   \int_{- \infty}^{+ \infty}  e^{  - \frac{1}{2}   z^2   }   d z  \\
	  		&=    -  \frac{1}{2  \pi K  \sigma \sqrt{\tau}  }  e^{  - \frac{1}{2} d^2_j }  \sqrt{ 2  \pi}  \\
	  		&=   \frac{1}{\sqrt{2 \pi}}  e^{  - \frac{1}{2} d^2_j }   \left( -  \frac{1}{ K \sigma \sqrt{\tau} }  \right) \\
	  		&=  \frac{  \partial   N(d_j)  }{ \partial K }
	  		,
	  	\end{aligned}
	  \end{equation}
	  where $j = 1, 2$.
	  	$$ \therefore  A_j =  N(d_j) + L_j,  j = 1, 2  , $$
	  where $L_j$ are two constants for $j=1, 2$.
	  
	  
	  
	  Let $d_j = 0, j = 1, 2$, 
	  then we have $K= F^T_t e^{  \left(   \mu_c + \frac{1}{2}  \sigma^2\right) \tau }$ for $j=1$ and $K= F^T_t e^{  \left(   \mu_c - \frac{1}{2}  \sigma^2\right) \tau }$ for $j=2$.
	  $$    \therefore  \left.  A_j  \right|_{d_j=0}= \frac{1}{2} + \frac{1}{2  \pi}   \int_{- \infty}^{+ \infty}  e^{    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }  \left(    \frac{1}{i  \phi }  \right) d \phi  =  \frac{1}{2} =  N(0)  =  \left. 	N(d_j)\right|_{d_j=0} , $$
	  and thus $L_1=L_2=0$, which means (i) holds.
	  
	  
	  
	  Then we show (ii)
	  \begin{equation*}
	  	\begin{aligned}
	  		\label{e:equationJ-5.0}
	  	    B_1   
	  		&=  \frac{ e^{\mu_c \tau}   }{2  \pi}   \int_{- \infty}^{+ \infty} e^{  i  \phi  d_1   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }       \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \left(  i  \phi  \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^k \right]   d \phi \\
	  	\end{aligned}
	  \end{equation*}
	  $$ \left( 
	   d_1 = \frac{  \ln \frac{F^T_t}{K}  +  \left(  \mu_c    + \frac{1}{2} \sigma^2   \right) \tau   }{\sigma \sqrt{\tau} }  \implies  
	  e^{   \mu_c  \tau } =  \frac{  K  }{  F^T_t   } e^{  d_1   \sigma \sqrt{\tau}  - \frac{1}{2} \sigma^2  \tau  }  
	    \right) $$		
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-5.00}
	  		&=    \frac{  K  }{  F^T_t   } e^{  d_1   \sigma \sqrt{\tau}  - \frac{1}{2} \sigma^2  \tau  }  
	  		\frac{ 1  }{2  \pi}  e^{ -  \frac{1}{2} d^2_1  }   
	  		\int_{- \infty}^{+ \infty}  e^{   -  \frac{ 1 }{  2  }  \left(  \phi  \sigma \sqrt{\tau}  -   d_1   i     \right)^2  } 
	  		  \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \left(  i  \phi  \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^k \right]   d \phi  \\
	  		&=   \frac{  K  }{  F^T_t   }  
	  		\frac{ 1  }{2  \pi} e^{ -  \frac{1}{2} d^2_2  } 
	  		\int_{- \infty}^{+ \infty} e^{   -  \frac{ 1 }{  2  }  \left(  \phi  \sigma \sqrt{\tau}  -   d_1   i     \right)^2  } 
	  		 \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \left(  i  \phi  \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^k \right]   d \phi  
	  	  	,
	  	\end{aligned}
	  \end{equation}
	  and
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-6.0}
	  		 B_2  
	  		&=  \frac{ 1   }{2  \pi}   \int_{- \infty}^{+ \infty} e^{  i  \phi  d_2   \sigma \sqrt{\tau}    -    \frac{1}{2}   \phi^2  \sigma^2 \tau   }    \left(    \frac{1}{i  \phi }  \right)       \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}   \left(    i  \phi   \sigma \sqrt{\tau}   \right)^k  \right] d \phi  \\
	  		&=  \frac{1 }{2 \pi} e^{  - \frac{1}{2} d^2_2 }
	  		  \int_{- \infty}^{+ \infty} e^{  - \frac{1}{2}  \left(  \phi  \sigma \sqrt{\tau} -  d_2  i \right)^2 }  
	  		    \left(    \frac{1}{i  \phi }  \right)       \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}   \left(    i  \phi   \sigma \sqrt{\tau}   \right)^k  \right] d \phi    \\
	  		 &=  \phi(d_2)  \frac{ 1 }{\sqrt{2 \pi}} 
	  		  \int_{- \infty}^{+ \infty} e^{  - \frac{1}{2}  \left(  \phi  \sigma \sqrt{\tau} -  d_2  i \right)^2 }  
	         \sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}   \left(    i  \phi   \sigma \sqrt{\tau}   \right)^{k-1}  \sigma \sqrt{\tau}  \right] d \phi    
	  		    .
	  	\end{aligned}
	  \end{equation}
	  
	  
	  
	  Substitute $ z =  \phi  \sigma \sqrt{\tau} -  d_1 i  $ and $ z =  \phi  \sigma \sqrt{\tau} -  d_2 i  $ into Equation \eqref{e:equationJ-5.00} and \eqref{e:equationJ-6.0}, respectively, then we have
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-7.0}
	  		B_1   
	  		&=   \frac{  K  }{  F^T_t   }  \phi(d_2)   \frac{ 1  }{  \sqrt{2  \pi} }  
	  		\int_{- \infty}^{+ \infty} e^{   -  \frac{ 1 }{  2  }  z^2  } 
	  		\sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \left(   \frac{  iz - d_1   }{   \sigma \sqrt{\tau}   }    \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^{k-1} \right]   d z  \\
	  		&=    \frac{  K  }{  F^T_t   }  \phi(d_2)   
	  		\int_{- \infty}^{+ \infty}  \phi(z)  
	  		\sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \left(   iz - d_1       \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^{k-h} \right]   d z  \\
	  		&=   \frac{  K  }{  F^T_t   }  \phi(d_2)  
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k 
	  		\int_{- \infty}^{+ \infty}  \phi(z)  
	  		\left(   iz - d_1       \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^{k-h}   d z  \\
	  		&=   e^{   \mu_c   \tau } \phi( d_1) 
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k 
	  		He_{h-1}( - d_1 )  \left(  \sigma \sqrt{\tau} \right)^{k-h}
	  		,
	  	\end{aligned}
	  \end{equation}
	  and
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-8.0}
	  	    B_2 
	  		&=    \phi(d_2)  \frac{ 1 }{\sqrt{2 \pi}} 
	  		\int_{- \infty}^{+ \infty} e^{  - \frac{1}{2}  z^2 }  
	  		\sum_{k=3}^{ n }  \left[  \frac{\rho_k}{k!}   \left(    iz  - d_2   \right)^{k-1}   \right] d z   \\
	  		&=    \phi(d_2)  
	  		\int_{- \infty}^{+ \infty}   \phi(z) 
	  		\sum_{k=3}^{ n }  \frac{\rho_k}{k!}   \left(    iz  - d_2   \right)^{k-1} d z   \\
	  		&=    \phi(d_2)   
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}  
	  		\int_{- \infty}^{+ \infty}  \phi(z)
	  		\left(    iz  - d_2   \right)^{k-1}    d z   \\
	  		&=  \phi(d_2)   
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}  He_{k-1} (- d_2) 
	  		.
	  	\end{aligned}
	  \end{equation}
	  
	  Hence, the two forms of option pricing formula under Gram-Charlier density (given in our Proposition \ref{prop-ct-sum} and Proposition \ref{prop-ct-int}) are equivalent.
	  
	  
	   Furthermore, we are also able to show that the simplified version of the three-term option pricing formula under Gram-Charlier density (given in Lemma \ref{lem-ct-3parts}) is equivalent to those presented in Proposition \ref{prop-ct-sum} and Proposition \ref{prop-ct-int}. This requires both of (i) and another new condition (iii) hold, which is given by
	  $$  (\text{iii})  \quad  F^T_t  B_1 - K  B_2  = - K 	\phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!}  (-1)^k  \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m   He_{k-m-1}(d_2)  \right] .$$
	  Based on the proof of (ii), it is not too difficult to show (iii).
	  
	  
	  
	  
	  %%注意最新版本prop-1和prop-2的顺序又改了！！
	  %此处式(J.7)和(J.8)的部分移到新的prop-1里？？把form-1和form-2整个全文换一下顺序？？注意所有lemma等的编号全变一下？！！前后文反复检查！！尤其是附录的排列顺序要变一下！！附录编号具体再看！！以及全文的关键词Form 1和Form 2都要检查！！
	  
	  
	
	  
	  Applying Lemma \ref{lem-He-int} to the both sides of (iii), we have
	   \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-9.0}
	  		LHS 
	  		&=     K  \phi(d_2)   
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k 
	  		He_{h-1}( - d_1 )  \left(  \sigma \sqrt{\tau} \right)^{k-h}
	  		-
	  		K  \phi(d_2)   
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}  He_{k-1} (- d_2)   \\
	  		&=   
	  		K   \phi(d_2)  
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k 
	  		\int_{- \infty}^{+ \infty}  \phi(z)  
	  		\left(   iz - d_1       \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^{k-h}   d z \\
	  		& \phantom{0} \phantom{0} 
	  		 -
	  		K  \phi(d_2)   
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}  
	  		\int_{- \infty}^{+ \infty}  \phi(z)
	  		\left(    iz  - d_2   \right)^{k-1}    d z  
	  		,
	  	\end{aligned}
	  \end{equation}
	  and
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-9}
	  		RHS 
	  		&= -  K 	\phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!}  (-1)^k  \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m   He_{k-m-1}(d_2)  \right]  \\
	  		&=   (-1)^{k+1}  K 	\phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!} \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m    \int_{- \infty}^{+ \infty}     \left( iz  + d_2 \right)^{k-m-1}  \phi(z)  dz   \right] 
	  		.
	  	\end{aligned}
	  \end{equation}
	  
	  
	  Thus, (iii) can be rewritten as below
	  \begin{equation*}
	  	\begin{aligned}
	  		\label{e:equationJ-10}
	  		&  \hspace{0.5cm}  LHS \\
	  		&=   K \phi(d_2)  \sum_{k=3}^{ n }  \frac{\rho_k}{k!}    \sum_{h=1}^{ k }  C^{h}_k  \int_{- \infty}^{+ \infty} \phi(z)   \left( iz  -  d_1 \right)^{h-1}  \left(  \sigma \sqrt{\tau} \right)^{k-h}  d  z \\
	  		& \phantom{0} \phantom{0} 
	  		-  
	  		K  \phi(d_2)   
	  		\sum_{k=3}^{ n }   \frac{\rho_k}{k!}  
	  		\int_{- \infty}^{+ \infty}  \phi(z)
	  		\left(    iz  - d_2   \right)^{k-1}    d z  
	  		\\
	  		&=    K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}  
	  		\left[      \int_{- \infty}^{+ \infty}   \sum_{h=1}^{ k }  C^{h}_k  \left(  \sigma \sqrt{\tau} \right)^{k-h}    \left( iz  -  d_1 \right)^{h-1}   \phi(z)  dz
	  		-   
	  		 \int_{- \infty}^{+ \infty}    \left(     i   z  - d_2  \right)^{k-1}   \phi(z)    d z 
	  		 \right]    \\
	  		&=    K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	   \int_{- \infty}^{+ \infty}   \left[     \frac{      \sum_{h=0}^{ k }  C^{h}_k  \left(  \sigma \sqrt{\tau} \right)^{k-h}  \left( iz  -  d_1 \right)^{h}  -  \left(  \sigma \sqrt{\tau} \right)^{k}     }{    iz  -  d_1   }  
	  	    -   
	  	    \left(     i   z  - d_2  \right)^{k-1}   \right]     \phi(z)    d z  \\
	  	    &=    K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	    \int_{- \infty}^{+ \infty}   \left[     \frac{       \left( iz  -  d_1  + \sigma \sqrt{\tau}  \right)^{k}  -  \left(  \sigma \sqrt{\tau} \right)^{k}     }{    iz  -  d_1   }  
	  	    -   
	  	    \left(     i   z  - d_2  \right)^{k-1}   \right]     \phi(z)    d z  \\
	  	    &=    K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	    \int_{- \infty}^{+ \infty} 
	  	      \left[    
	  	     \frac{       \left( iz  -  d_2  \right)^{k-1}  \left(  iz  -  d_2  - iz  +  d_1  \right)    -   \left(  \sigma \sqrt{\tau} \right)^{k}     }{    iz  -  d_1   }  
	  	     \right]     \phi(z)    d z  \\
	  	    &=     K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	    \int_{- \infty}^{+ \infty} 
	  	      \left[    
	  	    \frac{       \left( iz  -  d_2  \right)^{k-1}  \sigma \sqrt{\tau}   -   \left(  \sigma \sqrt{\tau} \right)^{k}     }{    iz  -  d_2  -  \sigma \sqrt{\tau}   }  
	  	    \right]     \phi(z)    d z  \\
	  	    &=     K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	    \int_{+ \infty}^{- \infty} 
	  	    \left[    
	  	    \frac{       \left( - iz  -  d_2  \right)^{k-1}  \sigma \sqrt{\tau}   -   \left(  \sigma \sqrt{\tau} \right)^{k}     }{    - iz  -  d_2  -  \sigma \sqrt{\tau}   }  
	  	    \right]     \phi(-z)    d (-z)  \\
	  	    &=     K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	    \int_{- \infty}^{+ \infty} 
	  	    \left[    
	  	    \frac{   (-1)^k    \left( iz  +  d_2  \right)^{k-1}  \sigma \sqrt{\tau}   +   \left(  \sigma \sqrt{\tau} \right)^{k}     }{    iz  +  d_2  +  \sigma \sqrt{\tau}   }  
	  	    \right]     \phi(z)    d z  \\
	  	    &=    K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	    \int_{- \infty}^{+ \infty} 
	  	    \left[    
	  	    \frac{   (-1)^k    \left( iz  +  d_2  \right)^{k-1}  \sigma \sqrt{\tau}   +   \left(  \sigma \sqrt{\tau} \right)^{k}     }{  \left(   iz  +  d_2 \right)  \left(  1  +  \frac{   \sigma \sqrt{\tau} }{  iz  +  d_2  }  \right)    }  
	  	    \right]     \phi(z)    d z  \\
	  	    &=     K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  	    \int_{- \infty}^{+ \infty} 
	  	    \left[    
	  	    (-1)^k   \sigma \sqrt{\tau}   \left( iz  +  d_2  \right)^{k-2}   \sum_{m=1}^{ \infty }  \left(  \frac{  -   \sigma \sqrt{\tau}    }{  iz  +  d_2   } \right)^{m-1}       \right.   \\
	  	    & \phantom{0} \phantom{0} 
	  	    \left.  +
	  	    \left(  \sigma \sqrt{\tau} \right)^k    \left( iz  +  d_2  \right)^{-1}  \sum_{m=0}^{ \infty }  \left(  \frac{  -   \sigma \sqrt{\tau}    }{  iz  +  d_2   } \right)^{m}   
	  	    \right]      \phi(z)    d z 
	  	\end{aligned}
	  \end{equation*}
	  \begin{equation}
	  	\begin{aligned}
	  		\label{e:equationJ-11}
	  		&=  K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   
	  		\int_{- \infty}^{+ \infty} 
	  		\left[    
	  		(-1)^k  \sigma \sqrt{\tau}   \sum_{m=1}^{ \infty }  \left(   -   \sigma \sqrt{\tau}   \right)^{m-1}     \left( iz  +  d_2  \right)^{k-m-1} 
	  		\right.   \\
	  		& \phantom{0} \phantom{0} 
	  		\left.
	  		+   
	  		\left(  \sigma \sqrt{\tau} \right)^{k}   \sum_{m=0}^{ \infty }  \left(  -   \sigma \sqrt{\tau}   \right)^{m}  \left( iz  +  d_2  \right)^{-m-1}    
	  		\right]     \phi(z)    d z  \\
	  		&=    K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   (-1)^{k-1}  
	  		\int_{- \infty}^{+ \infty} 
	  		\left[    
	  	    \sum_{m=1}^{ \infty }  \left(   -   \sigma \sqrt{\tau}   \right)^{m}     \left( iz  +  d_2  \right)^{k-m-1} 
	  	  	\right.   \\
	  	    & \phantom{0} \phantom{0} 
	  	    \left.
	  		-  
	  		\left( - \sigma \sqrt{\tau} \right)^{k}   \sum_{m=0}^{ \infty }  \left(  -   \sigma \sqrt{\tau}   \right)^{m}  \left( iz  +  d_2  \right)^{-m-1}    
	  		\right]     \phi(z)    d z  \\
	  		&=     K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   (-1)^{k-1}  
	  		\int_{- \infty}^{+ \infty} 
	  		\left[    
	  		\sum_{m=1}^{  k-1  }  \left(   -   \sigma \sqrt{\tau}   \right)^{m}     \left( iz  +  d_2  \right)^{k-m-1} 
	  		\right.   \\
	  		& \phantom{0} \phantom{0} 
	  		\left.
	  		+ 
	  		\sum_{m=k}^{ \infty }  \left(   -   \sigma \sqrt{\tau}   \right)^{m}     \left( iz  +  d_2  \right)^{k-m-1} 
	  		-  
	  	    \sum_{m=0}^{ \infty }  \left(  -   \sigma \sqrt{\tau}   \right)^{k+m}  \left( iz  +  d_2  \right)^{-m-1}    
	  		\right]     \phi(z)    d z  \\
	  		&=     K \phi(d_2)   \sum_{k=3}^{ n }  \frac{\rho_k}{k!}   (-1)^{k-1}  
	  		\int_{- \infty}^{+ \infty} 
	  		\left[    
	  		\sum_{m=1}^{  k-1  }  \left(   -   \sigma \sqrt{\tau}   \right)^{m}     \left( iz  +  d_2  \right)^{k-m-1} 
	  		\right]     \phi(z)    d z  \\
	  		&=     -  K 	\phi(d_2)  \sum_{k=3}^{n}  \left[  \frac{\rho_k}{k!}  (-1)^k  \sum_{m=1}^{k-1}  ( - \sigma \sqrt{\tau} )^m   He_{k-m-1}(d_2)  \right]  \\
	  		&=   RHS
	  		,
	  	\end{aligned}
	  \end{equation}
	  which ends the proof of (iii).
	 
	  	
	  	
	 
	 \end{proof}
	 
	 
	 
	
	 
	  
	 
	 
	 \subsection[Proof of Lem-KQ-CGF-Q]{ Proof of Lemma \ref{lem-KQ-CGF-Q} }\label{appendix-lem-KQ-CGF-Q}
	 
	 
	 
	  \begin{proof}
	  	
	  	
	  	%先用特征函数换元算MGF，再把MGF进一步rewrite成phi的二次函数
	  	
	  	Recall the characteristic function of the random variable $R_\tau=\ln \frac{S_T}{F^T_t}  =  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y  $ in Lemma \ref{lem-fphi-chf} and $f_2(\phi) = f^{\mathcal{Q}}_2( \phi ) $ defined in Proposition \ref{prop-ct-int}, we have
	  	 \begin{equation}
	  		\begin{aligned}
	  			\label{e:equationK-1}
	  			f^{\mathcal{Q}}( \phi ) &\equiv  E^{\mathcal{Q}}_t \left[ e^{i \phi R_\tau }  \right]    \\
	  			&=  f^{\mathcal{Q}}_2( \phi )   \\
	  			&=    e^{  i  \phi   \mu_c    \tau  -  \frac{1}{2} \sigma^2 \tau  i  \phi  \left( 1 - i  \phi \right)   }    \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left(  i  \phi   \sigma \sqrt{\tau}  \right)^k  
	  			.
	  		\end{aligned}
	  	\end{equation}
	  	
	  	
	  	
	  	Then we can obtain the moment generating function (i.e., MGF) with Gram-Charlier density under $\mathcal{Q}$-measure by substitution method
	  	 \begin{equation}
	  		\begin{aligned}
	  			\label{e:equationK-2}
	  			M^{\mathcal{Q}}( \phi )
	  			&\equiv  E^{\mathcal{Q}}_t \left[ e^{  \phi R_\tau }  \right]    \\
	  			&=    e^{    \phi   \mu_c   \tau  -  \frac{1}{2} \sigma^2 \tau   \phi  \left( 1 - \phi \right)   }    \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(   \phi   \sigma \sqrt{\tau}  \right)^k   \\
	  			&=    e^{  \frac{1}{2}   \sigma^2 \tau  \phi^2  +  \left(  \mu_c  -  \frac{1}{2} \sigma^2 \right)  \tau  \phi  }    \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(   \phi   \sigma \sqrt{\tau}  \right)^k 
	  			.
	  		\end{aligned}
	  	\end{equation}
	  	
	  	
	  Thus, the cumulant generating function (i.e., CGF) with Gram-Charlier density under $\mathcal{Q}$-measure is given by the logarithm of the corresponding moment generating function
	 \begin{equation}
	 	\begin{aligned}
	 		\label{e:equationK-3}
	 		K^{\mathcal{Q}}( \phi )
	 		&\equiv  \ln  M^{\mathcal{Q}}( \phi )  \\
	 		&=     \frac{1}{2}   \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c  -   \frac{1}{2} \sigma^2 \right)  \tau  \phi 
	 		+   \ln \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(   \phi   \sigma \sqrt{\tau}  \right)^k 
	 		.
	 	\end{aligned}
	 \end{equation}
	 
	 
	 
	 \end{proof}
	 
	 
	 
	 
	 
	  \subsection[Proof of Lem-KS-CGF-S]{ Proof of Lemma \ref{lem-KS-CGF-S} }\label{appendix-lem-KS-CGF-S}
	 
	 
	 
	 \begin{proof}
	 	
	 	
	 	%先用特征函数换元算MGF，再把MGF进一步rewrite成phi的二次函数
	 	
	 	Recall the characteristic function of the random variable $R_\tau=\ln \frac{S_T}{F^T_t}  =  \left(  \mu_c    -  \frac{1}{2} \sigma^2 \right)  \tau + \sigma \sqrt{\tau} Y  $ in Lemma \ref{lem-fphi-chf} and $f_1(\phi) = f^{\mathcal{Q}}_1( \phi ) $ defined in Proposition \ref{prop-ct-int}, we have
	 	\begin{equation}
	 		\begin{aligned}
	 			\label{e:equationL-1}
	 			f^{\mathcal{S}}( \phi )  &\equiv  E^{\mathcal{S}}_t \left[ e^{i \phi R_\tau }  \right]    \\
	 			&=  f^{\mathcal{Q}}_1( \phi )   \\
	 			&=  \frac{  f^{\mathcal{Q}}( \phi - i ) }{   f^{\mathcal{Q}}( - i) }  \\
	 			&=   \frac{  E^{\mathcal{Q}}_t \left[ e^{ i   \left(  \phi - i \right)  R_\tau }  \right]     }{    E^{\mathcal{Q}}_t \left[ e^{ i   \left(  - i \right)  R_\tau }  \right]    }  \\
	 			&=    e^{  i  \phi   \mu_c       \tau  +  \frac{1}{2} \sigma^2 \tau  i  \phi  \left( 1 + i  \phi   \right)   }    \frac{  \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left[  \left( 1 + i  \phi   \right)  \sigma \sqrt{\tau}   \right]^k  }{  \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left(   \sigma \sqrt{\tau}  \right)^k     }
	 			.
	 		\end{aligned}
	 	\end{equation}
	 	
	 	
	 	
	 	Then we can obtain the moment generating function (i.e., MGF) with Gram-Charlier density under $\mathcal{S}$-measure by substitution method
	 	\begin{equation}
	 		\begin{aligned}
	 			\label{e:equationL-2}
	 			M^{\mathcal{S}}( \phi )
	 			&\equiv  E^{\mathcal{S}}_t \left[ e^{  \phi R_\tau }  \right]    \\
	 			&=    e^{  \phi   \mu_c       \tau  +  \frac{1}{2} \sigma^2 \tau   \phi  \left( 1 +  \phi   \right)   }    \frac{  \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left[  \left( 1 +  \phi   \right)  \sigma \sqrt{\tau}   \right]^k  }{  \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left(   \sigma \sqrt{\tau}  \right)^k     }  \\
	 			&=    e^{  \frac{1}{2}   \sigma^2 \tau  \phi^2  +  \left(  \mu_c  +  \frac{1}{2} \sigma^2 \right)  \tau  \phi  }   \frac{  \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left[  \left( 1 +  \phi   \right)  \sigma \sqrt{\tau}   \right]^k  }{  \sum_{k=0}^{ n }  \frac{\rho_k}{k!}  \left(   \sigma \sqrt{\tau}  \right)^k     }
	 			.
	 		\end{aligned}
	 	\end{equation}
	 	
	 	
	 	Thus, the cumulant generating function (i.e., CGF) with Gram-Charlier density under $\mathcal{S}$-measure is given by the logarithm of the corresponding moment generating function
	 	\begin{equation}
	 		\begin{aligned}
	 			\label{e:equationL-3}
	 			K^{\mathcal{S}}( \phi )
	 			&\equiv  \ln  M^{\mathcal{S}}( \phi )  \\
	 			&=     \frac{1}{2}   \sigma^2 \tau  \phi^2  
	 			+  \left(  \mu_c  +   \frac{1}{2} \sigma^2 \right)  \tau  \phi 
	 			+   \ln \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left[  \left(   \phi  +  1  \right)  \sigma \sqrt{\tau}   \right]^k 
	 			-    \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(   \sigma \sqrt{\tau}  \right)^k   
	 			.
	 		\end{aligned}
	 	\end{equation}
	 	
	 	
	 	
	 \end{proof}
	 
	 
	 
	 \subsection[Proof of Eq-23-Q]{ Proof of Equation (\ref{e:equation6.1-1-Bell}) }  \label{appendix-Eq-23}
	 
	 \begin{proof}
	 	
	  \begin{equation*}
	 	\begin{aligned}
	 		\label{eq-Bell-Q-1}
	 		&  \hspace{0.5cm}   K^{\mathcal{Q}}( \phi )  \\
	 		&=    \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		+   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \phi   \sigma \sqrt{\tau}  \right)^k   \\
	 		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		+     \ln  \left[   1  +   \sum_{k=3}^{n}  \frac{\rho_k}{k!}     \left(    \phi   \sigma \sqrt{\tau}  \right)^k   \right]    \\
	 		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi   \\
	 		& \phantom{0} \phantom{0} 
	 		+    
	 		\left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   \phi^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4   \phi^4
	 		+ \cdots
	 		\right]  \\
	 		& \phantom{0} \phantom{0} 
	 		-
	 		\frac{1}{2}  \left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   \phi^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4  \phi^4
	 		+ \cdots
	 		\right]^2   \\
	 		& \phantom{0} \phantom{0} 
	 		+
	 		\frac{1}{3}  \left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   \phi^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4    \phi^4
	 		+ \cdots
	 		\right]^3  \\
	 		& \phantom{0} \phantom{0} 
	 		-
	 		\frac{1}{4}  \left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3    \phi^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4    \phi^4  
	 		+ \cdots
	 		\right]^4 
	 		+ \cdots  \\
	 		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi  \\
	 		& \phantom{0} \phantom{0} 
	 		+  \frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   \phi^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4    \phi^4
	 		+  \frac{ \rho_5 }{5!}   \left(      \sigma \sqrt{\tau}  \right)^5    \phi^5 \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{6!}   \left(      \sigma \sqrt{\tau}  \right)^6   
	 		\left[   \rho_6  -  \frac{1}{2}  \cdot  6!  \cdot  \frac{  2! }{2! 0!}  \cdot  \frac{  \left(  \rho_3  \right)^2  }{  \left(  3!  \right)^2  }  \right]  \phi^6  \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{7!}   \left(      \sigma \sqrt{\tau}  \right)^7   
	 		\left[   \rho_7  -  \frac{1}{2}  \cdot  7!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_3 }{ 3!   } \cdot  \frac{ \rho_4 }{ 4!   } \right]  \phi^7   \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{8!}   \left(      \sigma \sqrt{\tau}  \right)^8   
	 		\left[   \rho_8  -  \frac{1}{2}  \cdot  8!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_3 }{ 3!   } \cdot  \frac{ \rho_5 }{ 5!   } 
	 		-   \frac{1}{2}  \cdot  8!  \cdot  \frac{  2! }{2! 0!}  \cdot  \frac{  \left(  \rho_4  \right)^2  }{  \left(  4!  \right)^2  }   \right]  \phi^8    \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{9!}   \left(      \sigma \sqrt{\tau}  \right)^9   
	 		\left[   \rho_9  
	 		-  \frac{1}{2}  \cdot  9!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_3 }{ 3!   } \cdot  \frac{ \rho_6 }{ 6!   } 
	 		-  \frac{1}{2}  \cdot  9!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_4 }{ 4!   } \cdot  \frac{ \rho_5 }{ 5!   } 
	 		+   \frac{1}{3}  \cdot  9!  \cdot  \frac{  3! }{3! 0! 0!}  \cdot  \frac{  \left(  \rho_3  \right)^3  }{  \left(  3!  \right)^3  }   \right]  \phi^9   \\
	 		& \phantom{0} \phantom{0} 
	 		+ \cdots    \\
	 		& \phantom{0} \phantom{0} 
	 		+   \frac{ 1}{q!}   \left(      \sigma \sqrt{\tau}  \right)^q
	 		\left[  
	 		\sum_{h=1}^{q}    \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    }  
	 		\frac{ (-1)^{h-1}  }{ h }  \cdot  q!  \cdot  \frac{  h! }{h_3! h_4! \cdots  h_n!} \cdot \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}   \cdot \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots    \left(    \frac{  \rho_n }{ n! } \right)^{h_n}   
	 		\right]    \phi^q   \\
	 		& \phantom{0} \phantom{0} 
	 		+    \cdots     
	 	\end{aligned}
	 \end{equation*}
	 \begin{equation}
	 	\begin{aligned}
	 		\label{eq-Bell-Q-2}
	 		&=  \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi  \\
	 		& \phantom{0} \phantom{0} 
	 		+    \sum_{q=3}^{ + \infty }   \frac{ 1}{q!}  \left(      \sigma \sqrt{\tau}  \right)^q   \sum_{h=1}^{q}   \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    }  
	 		\frac{ (-1)^{h-1}  }{ h }   q!   \frac{  h! }{h_3! h_4! \cdots  h_n!}  
	 		  \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}   \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots    \left(    \frac{  \rho_n }{ n! } \right)^{h_n}   
	 		\phi^q    \\
	 		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   -  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		+   \sum_{q=3}^{ + \infty }   \frac{ 1}{q!}   \left(      \sigma \sqrt{\tau}  \right)^q   \sum_{h=1}^{q} (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  \phi^q
	 		,
	 	\end{aligned}
	 \end{equation}
	 where 
	 $$ B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  =  \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    } \frac{  q! }{h_3! h_4! \cdots  h_n!}    \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}    \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots    \left(    \frac{  \rho_n }{ n! } \right)^{h_n}       $$ refers to the partial or incomplete exponential Bell polynomials.
	 	
	 	
	 \end{proof}
	 
	 
	 
	 
	  \subsection[Proof of Eq-28-S]{ Proof of Equation (\ref{e:equation6.1-2-Bell}) }  \label{appendix-Eq-28}
	 
	 \begin{proof}
	 
	 
	 
	  \begin{equation*}
	 	\begin{aligned}
	 		\label{eq-Bell-S-1}
	 		&  \hspace{0.5cm}   K^{\mathcal{S}}( \phi )   \\
	 		&=     \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		+   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left[   \left(    \phi  +1  \right)  \sigma \sqrt{\tau} \right]^k  
	 		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k    \\
	 		&=     \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k
	 		+    \ln \left\lbrace  1  +   \sum_{k=3}^{n}  \frac{\rho_k}{k!} \left[   \left(    \phi  +1  \right)  \sigma \sqrt{\tau} \right]^k     \right\rbrace    \\
	 		&=     \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k   \\
	 		& \phantom{0} \phantom{0} 
	 		+    
	 		\left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   (\phi + 1)^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4    (\phi + 1)^4
	 		+ \cdots
	 		\right]    \\
	 		& \phantom{0} \phantom{0} 
	 		-
	 		\frac{1}{2}  \left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   (\phi + 1)^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4    (\phi + 1)^4
	 		+ \cdots
	 		\right]^2   \\
	 		& \phantom{0} \phantom{0} 
	 		+
	 		\frac{1}{3}  \left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   (\phi + 1)^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4    (\phi + 1)^4
	 		+ \cdots
	 		\right]^3  \\
	 		& \phantom{0} \phantom{0} 
	 		-
	 		\frac{1}{4}  \left[   
	 		\frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3     (\phi + 1)^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4    (\phi + 1)^4
	 		+ \cdots
	 		\right]^4
	 		+ \cdots    \\
	 		&=    \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k   \\
	 		& \phantom{0} \phantom{0} 
	 		+  \frac{ \rho_3 }{3!}   \left(      \sigma \sqrt{\tau}  \right)^3   (\phi + 1)^3
	 		+  \frac{ \rho_4 }{4!}   \left(      \sigma \sqrt{\tau}  \right)^4   (\phi + 1)^4
	 		+  \frac{ \rho_5 }{5!}   \left(      \sigma \sqrt{\tau}  \right)^5   (\phi + 1)^5 \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{6!}   \left(      \sigma \sqrt{\tau}  \right)^6   
	 		\left[   \rho_6  -  \frac{1}{2}  \cdot  6!  \cdot  \frac{  2! }{2! 0!}  \cdot  \frac{  \left(  \rho_3  \right)^2  }{  \left(  3!  \right)^2  }  \right]  (\phi + 1)^6   \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{7!}   \left(      \sigma \sqrt{\tau}  \right)^7   
	 		\left[   \rho_7  -  \frac{1}{2}  \cdot  7!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_3 }{ 3!   } \cdot  \frac{ \rho_4 }{ 4!   } \right]  (\phi + 1)^7   \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{8!}   \left(      \sigma \sqrt{\tau}  \right)^8   
	 		\left[   \rho_8  -  \frac{1}{2}  \cdot  8!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_3 }{ 3!   } \cdot  \frac{ \rho_5 }{ 5!   } 
	 		-   \frac{1}{2}  \cdot  8!  \cdot  \frac{  2! }{2! 0!}  \cdot  \frac{  \left(  \rho_4  \right)^2  }{  \left(  4!  \right)^2  }   \right]  (\phi + 1)^8    \\
	 		& \phantom{0} \phantom{0} 
	 		+    \frac{ 1}{9!}   \left(      \sigma \sqrt{\tau}  \right)^9   
	 		\left[   \rho_9   
	 		-  \frac{1}{2}  \cdot  9!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_3 }{ 3!   }   \frac{ \rho_6 }{ 6!   } 
	 		-  \frac{1}{2}  \cdot  9!  \cdot  \frac{  2! }{1! 1!}  \cdot   \frac{ \rho_4 }{ 4!   }  \frac{ \rho_5 }{ 5!   }
	 		+  \frac{1}{3}  \cdot  9!  \cdot  \frac{  3! }{3! 0! 0!}  \cdot  \frac{  \left(  \rho_3  \right)^3  }{  \left(  3!  \right)^3  }   \right]  (\phi + 1)^9    \\
	 		& \phantom{0} \phantom{0} 
	 		+ \cdots    \\
	 		& \phantom{0} \phantom{0} 
	 		+   \frac{ 1}{q!}   \left(      \sigma \sqrt{\tau}  \right)^q
	 		\left[  
	 		\sum_{h=1}^{q}    \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    }  
	 		\frac{ (-1)^{h-1}  }{ h }   q!   \frac{  h! }{h_3! h_4! \cdots  h_n!}  \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}   \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots    \left(    \frac{  \rho_n }{ n! } \right)^{h_n}   
	 		\right]    (\phi + 1)^q   \\
	 		& \phantom{0} \phantom{0} 
	 		 +  \cdots  
	 	\end{aligned}
	 \end{equation*}
	  \begin{equation}
	 	\begin{aligned}
	 		\label{eq-Bell-S-2}
	 		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k   \\
	 		& \phantom{0} \phantom{0} 
	 		+    \sum_{q=3}^{ + \infty }   \frac{ 1}{q!}  \left(      \sigma \sqrt{\tau}  \right)^q   \sum_{h=1}^{q}   \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    }  
	 		\frac{ (-1)^{h-1}  }{ h }    q!   \frac{  h! }{h_3! h_4! \cdots  h_n!}  \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}    \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots    \left(    \frac{  \rho_n }{ n! } \right)^{h_n}   
	 		(\phi + 1)^q    \\
	 		&=   \frac{1}{2} \sigma^2 \tau  \phi^2  
	 		+  \left(  \mu_c   +  \frac{1}{2}  \sigma^2   \right)  \tau  \phi
	 		-   \ln  \sum_{k=0}^{n}  \frac{\rho_k}{k!}  \left(    \sigma \sqrt{\tau}  \right)^k   \\
	 		& \phantom{0} \phantom{0} 
	 		+   \sum_{q=3}^{ + \infty }   \frac{ 1}{q!}   \left(      \sigma \sqrt{\tau}  \right)^q   \sum_{h=1}^{q} (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  (\phi + 1)^q
	 		,
	 	\end{aligned}
	 \end{equation}
	 where 
	 $$ B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  =  \sum_{   \substack{   3 h_3  +   4 h_4 + \cdots +  n h_n  = q  \\  h_3 + h_4 + \cdots +  h_n  = h  \\   h_3, h_4, \cdots, h_n \geq 0   }    } \frac{  q! }{h_3! h_4! \cdots  h_n!}    \left(    \frac{  \rho_3 }{ 3! } \right)^{h_3}    \left(    \frac{  \rho_4 }{ 4! } \right)^{h_4}    \cdots   \left(    \frac{  \rho_n }{ n! } \right)^{h_n}       $$ refers to the partial or incomplete exponential Bell polynomials.
	 
	 
	\end{proof}
	 
	 
	 
	 
	
	
	\subsection[Proof of Prop-kappa-relationship-QvsS]{ Proof of Proposition \ref{prop-kappa-QvsS} }\label{appendix-prop-kappa-QvsS}

	
	 \begin{proof}
		
	
			
		By comparing Equation \eqref{e:equation6.2-1.0}, \eqref{e:equation6.2-1}, \eqref{e:equation6.2-2} and \eqref{e:equation6.2-3} with Equation \eqref{e:equation6.2-4.0}, \eqref{e:equation6.2-4}, \eqref{e:equation6.2-5} and \eqref{e:equation6.2-6}, we are able to investigate the relationships between cumulants with Gram-Charlier density under $\mathcal{Q}$-measure and $\mathcal{S}$-measure.
		
		When $  m = 0, 1, 2$, we have
		\begin{equation}
			\begin{aligned}
				\label{e:equationM-0}
				\kappa_0^{\mathcal{S}}
				&=   \kappa_0^{\mathcal{Q}} 
				&=0    
				,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationM-1}
				\kappa_1^{\mathcal{S}}
				&=   \kappa_1^{\mathcal{Q}} 
				+  \sigma^2  \tau
				+   \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-1)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right) 
				,
			\end{aligned}
		\end{equation}
		\begin{equation}
			\begin{aligned}
				\label{e:equationM-2}
				\kappa_2^{\mathcal{S}}
				&=   \kappa_2^{\mathcal{Q}} 
				+    \sum_{q=3}^{  +  \infty}  \frac{ 1 }{  (q-2)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  
				.
			\end{aligned}
		\end{equation}
		
		
		When $  m \geq  3$, 
		\begin{equation}
			\begin{aligned}
				\label{e:equationM-3}
				\kappa_m^{\mathcal{S}}
				&=   \kappa_m^{\mathcal{Q}} 
				+    \sum_{q=m+1}^{  +  \infty}  \frac{ 1 }{  (q-m)!  } \left(  \sigma \sqrt{ \tau}  \right)^q    \sum_{h=1}^{  q  }  (-1)^{h-1}  (h-1)!  B_{q, h}\left(  0, 0, \rho_3, \cdots, \rho_n  \right)  \\
				&=    \kappa_m^{\mathcal{Q}}  +   \sum_{q=m+1}^{  +  \infty}  \frac{ 1 }{  (q-m)!  }  \kappa_q^{\mathcal{Q}}   \\
				&=   \kappa_m^{\mathcal{Q}}  
				+   \frac{ \kappa_{m+1}^{\mathcal{Q}}    }{ 1! }
				+   \frac{ \kappa_{m+2}^{\mathcal{Q}}    }{ 2! }
				+   \frac{ \kappa_{m+3}^{\mathcal{Q}}    }{ 3! }
				+  \cdots  \\
				&=    \sum_{q=0}^{  +  \infty}  \frac{ \kappa_{m+q}^{\mathcal{Q}}    }{ q! }
				.
			\end{aligned}
		\end{equation}
		
		
		It is obvious that the cases $m=1, 2$ are also consistent with Equation \eqref{e:equationM-3}, then we can combine them together.
		
		Hence, the relationships between cumulants with Gram-Charlier density under $\mathcal{Q}$-measure and $\mathcal{S}$-measure are given by
		
		when $  m = 0 $, 
		\begin{equation}
			\begin{aligned}
				\label{e:equationM-4}
				\kappa_0^{\mathcal{S}}
				&=   \kappa_0^{\mathcal{Q}}      
				,
			\end{aligned}
		\end{equation}
		
		when $  m \geq  1$, 
		\begin{equation}
			\begin{aligned}
				\label{e:equationM-5}
				\kappa_m^{\mathcal{S}}
				&=    \sum_{q=0}^{  +  \infty}  \frac{ \kappa_{m+q}^{\mathcal{Q}}    }{ q! }
				.
			\end{aligned}
		\end{equation}
		
		
		
		
		
		
		
	\end{proof}
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