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Abstract. Short sales are represented as negative purchases in textbook asset pricing

theory. In reality, however, the symmetry between purchasing and short selling an asset

is broken by a variety of costs and risks that are peculiar to short sales. We develop a

theoretical model in which the decision to cover a short position is the solution to an

optimal stopping problem, and where short selling is subject to collateral constraints

and recall risk. We analyse the effects of these short salespecific frictions on the optimal

strategy, and quantify the loss of value suffered by the short seller due to each.

1. Introduction

Short sales allow investors to obtain negative exposures to assets they do not own,

by borrowing and selling them. The salient features of a short sale in the equity market

may be summarised as follows.1 First, a prospective short seller must identify a willing

lender of the desired stock. He then borrows the stock, sells it, and posts collateral

equal to its market value plus a haircut (usually 2% of its value) with the lender. The

collateral is marked to market daily, so that an increase in the stock price prompts a

margin call for more collateral, while a decrease entitles the short seller to withdraw

some collateral. The lender invests the collateral at the prevailing interest rate, and

pays part of the resulting income to the short seller, in the form of a negotiated rebate

(the difference between the interest rate and the rebate rate represents the lending fee).

In return, the short seller compensates the lender for all dividends forgone during the

life of the loan. The transaction is completed when the short seller repurchases the

stock, and returns it to the lender. Although this is likely to occur at the short seller’s

discretion, stock loan contracts generally include a recall clause that allows lenders to

force short sellers to liquidate their positions involuntarily.

The previous overview highlights several costs and risks associated with short sales,

which have no counterparts when securities are purchased. First, short sellers incur

search costs, since the process of identifying willing security lenders can be costly.

Second, the lending fees associated with security loans impose a cost on short sellers

that is often quite significant. Third, short sellers are exposed to margin risk, due to the

possibility that successive increases in the prices of borrowed securities may generate

margin calls that eventually exhaust their collateral budgets. Finally, short sellers face

recall risk, since lenders may recall borrowed securities at any time. Collectively, these

frictions are referred to as short selling constraints.

Short selling constraints can have dramatic implications for textbook noarbitrage

relationships, since arbitrage portfolios invariably contain long and short positions.

Lamont and Thaler (2003) examined the role of short selling constraints in preventing
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arbitrageurs from exploiting mispriced equity carveouts, while Mitchell et al. (2002)

highlighted their effect in situations when companies trade at discounts relative to

their subsidiaries. Short selling constraints have also been implicated in mispriced

equity index futures by Fung and Draper (1999), and in putcall parity violations by

Ofek et al. (2004).

Our study focusses on two specific short selling constraints, namely, margin risk

and recall risk. We aim to quantify the loss of value suffered by a short seller due to

these frictions, in the setting of a optimal stopping problem where a trader with an

existing short position must choose the optimal time closeout his position. To capture

the effect of margin risk, we assume that the trader only has a finite collateral budget to

fund margin calls, while recall risk is modelled by assuming that forced closeout of his

position occurs at some independent random time. We provide a detailed analysis of

how these constraints affect the value of the trader’s position, and his optimal strategy.

Shleifer and Vishny (1997) were the first to recognise the importance of margin risk.

They demonstrated that hedge funds may be forced to closeout theoretically profitable

arbitrage trades under lossmaking circumstances, if interim losses trigger margin

calls and investor withdrawals, since withdrawals exascerbate collateral constraints.

Liu and Longstaff (2004) reinforced the intuition that margin risk detracts from the

attractiveness of arbitrage, by showing that a collateralconstrained riskaverse trader

will underinvest in arbitrage opportunities, due to the possibility that interim losses

may exhaust his collateral before he realises a profit.

The significance of recall risk was recently highlighted by Chuprinin and Ruf (2015),

who estimated that a perfectly informed short seller loses around 20% of his firstbest

profits due to recalls. Chung and Tanaka (2015) studied an optimal stopping problem

in which a trader must choose the optimal time to closeout a short position, subject to

recalls and lending fees. They obtained closedform expressions for the shortseller’s

value function and optimal strategy, and showed that the possibility of recall leads to

a substantial reduction in value.

Our optimal stopping model for short selling shares many features with optimal

stopping formulations of the related problem of when to closeout a margin loan (see

e.g. Cai and Sun 2014, Dai and Xu 2011, Grasselli and Gómez 2013, Liang et al. 2010,

Liu and Xu 2010, Wong and Wong 2013, Xia and Zhou 2007). However, this modelling

approach appears to have been applied to the problem of short selling under constraints

only by Chung and Tanaka (2015).

The remainder of our paper is structured as follows. First, Section 2 presents the

technical formalities, and formulates the problem of closingout a short position under

collateral constraints and recall risk as an optimal stopping problem. In Section 3

we formulate and solve a freeboundary problem for an associated optimal stopping

problem,

2. Short Selling as an Optimal Stopping Problem

Fix I := (0,∞), and suppose the continuous functions a : I → (0,∞) and b : I → R

satisfy the local integrability condition

∀x ∈ I, ∃ε > 0 s.t.

∫ x+ε

x−ε

1 + |b(y)|

a2(y)
dy <∞. (2.1)
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In that case, the stochastic differential equation

dXt = b(Xt) dt+ a(Xt) dBt, (2.2)

for all t ≥ 0, has a weak solution (X,B) = (Xt, Bt)t≥0 that takes values in I, and which

is unique (in the sense of probability law) until the explosion time of X (i.e. the first

time it leaves I). Here the process B is a standard Brownian motion on a complete

filtered probability space (Ω,F ,F, P), whose filtration F = (Ft)t≥0 satisfies the usual

conditions of right continuity and completion by the nullsets of F .2

Let S denote the family of all stopping times, with respect to the filtration F. These

include the firstexit times

τ̂z := inf{t ≥ 0 |Xt ≥ z} and τ̌z := inf{t ≥ 0 |Xt ≤ z}, (2.3)

for all z ∈ I. The firstpassage times of X to the upper and lower boundaries of I are

then given by

τ̂∞ := lim
n↑∞

τ̂n and τ̌0 := lim
n↑∞

τ̌1/n,

respectively. Using this notation, the explosion time of X may be written as τ̌0 ∧ τ̂∞.

Finally, we assume that X is absorbed at the origin, if it is accessible. That is to say,

we require 1{τ̌0≤t}Xt = 0, for all t ∈ R+.

Given α > 0, let φα, ψα ∈ C2(I) denote the unique (up to multiplication by a positive

scalar) decreasing and increasing solutions, respectively, to the secondorder ordinary

differential equation
1

2
a2(x)f ′′(x) + b(x)f ′(x) = αf(x), (2.4)

for all x ∈ I. The Laplace transforms of the firstexit times (2.3) have the following

representations in terms of these functions:

Ex

Ä
e−ατ̂z

ä
=
ψα(x)

ψα(z)
if x ≤ z,

and

Ex

Ä
e−ατ̌z

ä
=
φα(x)

φα(z)
if x ≥ z,

for all α > 0 and x, z ∈ I, where Ex( · ) denotes the expected value operator with respect

to the probability measure Px, under which X0 = x.

We consider a trader with collateral budget c ≥ 0, who is short a nondividendpaying

stock, with price X. Forced closeout of his position, due to collateral exhaustion,

occurs when the current price of the stock first exceeds the price at which he sold it

by more than his budgeted collateral. We denote this stopping time by

ζ := inf{t ≥ 0 |Xt = X0 + c}. (2.5)

Involuntary closeout of the trader’s position, due to the stock being recalled, occurs at

an exponentially distributed random time σ ∼ Exp(λ), where λ > 0 specifies the recall

intensity. We assume that σ is F measurable and independent of F∞ :=
∨

t≥0 Ft,

which implies that the recall event is independent of the stock price.

2See Karatzas and Shreve (1991, Definition 5.5.20) for a definition of the concept of a weak solution

for a stochastic differential equation. Karatzas and Shreve (1991, Theorem 5.5.15) shows that the local

integrability condition (2.1) implies that (2.2) admits a unique weak solution until explosion.
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Having initiated the short sale, the trader’s objective is to identify the closeout time

that maximises his expected discounted profit, using a subjective discount rate ρ ≥ 0,

subject to the frictions outlined above. This gives rise to the optimal stopping problem

V (x) := sup
τ∈S

Ex

Ä
e−ρ(τ∧ζ∧σ)(x−Xτ∧ζ∧σ)

ä
, (2.6)

for all x > 0.

3. An Associated FreeBoundary Problem

Continuoustime optimal stopping problems are traditionally solved by first refor

mulating them as freeboundary problems. Unfortunately, this approach cannot be

applied directly to (2.6). Instead, we proceed by embedding it in a more general opti

mal stopping problem, which can be associated with a freeboundary problem. To do

so, we fix a new parameter κ ∈ I, and introduce the optimal stopping problem

‹V (x) := sup
τ∈S

Ex

Å
e−ρ(τ∧τ̂κ+c∧σ)

Ä
κ−Xτ∧τ̂y+c∧σ

äã
, (3.1)

for all x ∈ I. Note that ζ = τ̂x+c Pxa.s., for all x ∈ I, from which it follows that

V (x) = ‹V (x), if κ = x. Consequently, a solution for (3.1) yields a solution for (2.6), as

a special case.

By virtue of the timehomogeneity of (3.1), we expect the optimal stopping time to be

a threshold time. This leads us to speculate that

‹V (x) = sup
z≥0

Ex

Å
e−ρ(τ̌z∧τ̂κ+c∧σ)

Ä
κ−Xτ̌z∧τ̂y+c∧σ

äã

= Ex

Å
e−ρ(τ̌z∗∧τ̂κ+c∧σ)

Ä
κ−Xτ̌z∗∧τ̂y+c∧σ

äã

=
∫ ∞

0
λe−λtV (t, x) dt,

(3.2)

for all x ∈ I, where z∗ ≥ 0 is the optimal threshold, and

V (t, x) := Ex

Å
e−ρ(τ̌z∗∧τ̂κ+c∧t)

Ä
κ−Xτ̌z∗∧τ̂κ+c∧t

äã
,

for all (t, x) ∈ R+ × I. The latter function satisfies the partial differential equation

1

2
a2(x)

∂2V

∂x2
(t, x) + b(x)

∂V

∂x
(t, x)− ρV (t, x) =

∂V

∂t
(t, x), (3.3a)

for all (t, x) ∈ R+ × I, subject to the boundary conditions

V (t, z∗) = κ− z∗ and V (t, κ+ c) = −c, (3.3b)

for all t ∈ R+, and the initial condition

V (0, x) = κ− x, (3.3c)

for all x ∈ I.

The LaplaceCarson transform of a suitably integrable function f : R+ → R is given

by

Lα{f} :=
∫ ∞

0
αe−αtf(t) dt,

where α > 0. Using this notation, we may write (3.2) as

‹V (x) = Lλ

¶
V ( · , x)

©
,
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for all x ∈ I. This suggests that the freeboundary value problem corresponding to

(3.2) can be derived by applying LaplaceCarson transforms to (3.3a)–(3.3c). To begin

with, applying the LaplaceCarson transform to (3.3a) yields

Lλ







1

2
a2(x)

∂2V

∂x2
( · , x) + b(x)

∂V

∂x
( · , x)− ρV ( · , x)







= Lλ







∂V

∂t
( · , x)







= λ
Ä
Lλ

¶
V ( · , x)

©
− V (0, x)

ä
,

for all x ∈ I, where the second equality is an application of integration by parts.

Exchanging derivatives and integrals in the above equation, and applying the initial

condition (3.3c), then gives

1

2
a2(x)‹V ′′(x) + b(x)‹V ′(x)− (ρ+ λ)‹V (x) + λ(κ− x) = 0, (3.4a)

for all x ∈ I. Next, an application of the LaplaceCarson transform to the boundary

conditions in (3.3b) yields

‹V (κ+ c) = Lλ

¶
V ( · , κ+ c)

©
= Lλ{−c} = −c, (3.4b)

and

‹V (z∗) = Lλ

¶
V ( · , z∗)

©
= Lλ{κ− z∗} = κ− z∗. (3.4c)

Finally, we impose the customary smooth pasting condition at the optimal stopping

boundary, to get

‹V ′(z∗) = −1. (3.4d)

Together, (3.4a)–(3.4d) specify the freeboundary problem associated with the optimal

stopping problem (3.1), under the assumption that the optimal stopping policy is a

threshold rule.

By comparing the inhomogeneous equation (3.4a) with the homogeneous equation

(2.4), we observe that the general solution to the inhomogeneous equation takes the

form

‹V (x) = Aφρ+λ(x) +Bψρ+λ(x) + v(x),

for all x ∈ I, where A,B ∈ R and v ∈ C2(I,R) is a particular solution. Substituting

this expression into (3.4b) and (3.4c), and solving for A and B, gives

‹V (x) =
Ä
κ− z∗ − v(z∗)

ä φρ+λ(κ+ c)ψρ+λ(x)− φρ+λ(x)ψρ+λ(κ+ c)

φρ+λ(κ + c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(κ+ c)

+
Ä
c+ v(κ+ c)

ä φρ+λ(z∗)ψρ+λ(x)− φρ+λ(x)ψρ+λ(z∗)

φρ+λ(κ+ c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(κ+ c)
+ v(x),

(3.5)

for all x ∈ I. Substituting this expression above into (3.4d) yields the equation

Ä
κ− z∗ − v(z∗)

äφρ+λ(κ + c)ψ′
ρ+λ(z∗)− φ′

ρ+λ(z∗)ψρ+λ(κ+ c)

φρ+λ(κ + c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(κ+ c)

+
Ä
c+ v(κ+ c)

ä φρ+λ(z∗)ψ
′
ρ+λ(z∗)− φ′

ρ+λ(z∗)ψρ+λ(z∗)

φρ+λ(κ+ c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(κ+ c)
+ v′(z∗) = −1,

(3.6)

which implicitly characterizes the optimal stopping boundary z∗.
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Our final task is to find an expression for the particular solution v. We begin by

recalling that the resolvent operator Rα, for α > 0, associated with X acts on suitably

integrable functions g : I → R as follows:

(Rαg)(x) := Ex

Ç
∫ ∞

0
e−αtg(Xt) dt

å
,

for all x ∈ I. Moreover, Rαg satisfies the ordinary differential equation

1

2
a2(x)(Rαg)

′′(x) + b(x)(Rαg)
′(x)− α(Rαg)(x) + g(x) = 0,

for all x ∈ I. Comparing this equation with (3.4a) gives the following expression for the

particular solution to that equation:

v(x) :=
Ä
Rρ+λλ(κ− · )

ä
= Ex

Ç
∫ ∞

0
e−(ρ+λ)tλ(κ−Xt) dt

å

=
λκ

ρ+ λ
−

∫ ∞

0
λe−(ρ+λ)t

Ex(Xt) dt,

(3.7)

for all x ∈ I.

Putting (3.5)–(3.7) together gives the value function ‹V for the optimal stopping prob

lem (3.2), with the optimal stopping time τ̌z∗ determined by (3.6). Replacing κ with x in

these expressions gives the value function V for the original optimal stopping problem

(2.6) and the optimal stopping time τ̌z∗ , subject to the assumption that the optimal

stopping policy is of threshold type. In particular, if the solution to (3.2) is determined

by a threshold strategy, then the value function V for that problem is given by

V (x) =
Ä
x− z∗ − v(z∗)

ä φρ+λ(x+ c)ψρ+λ(x)− φρ+λ(x)ψρ+λ(x+ c)

φρ+λ(x+ c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(x+ c)

+
Ä
c+ v(x+ c)

ä φρ+λ(z∗)ψρ+λ(x)− φρ+λ(x)ψρ+λ(z∗)

φρ+λ(x+ c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(x+ c)
+ v(x),

(3.8)

for all x ∈ I, while the equation

Ä
x− z∗ − v(z∗)

äφρ+λ(x+ c)ψ′
ρ+λ(z∗)− φ′

ρ+λ(z∗)ψρ+λ(x+ c)

φρ+λ(x+ c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(x+ c)

+
Ä
c+ v(x+ c)

ä φρ+λ(z∗)ψ
′
ρ+λ(z∗)− φ′

ρ+λ(z∗)ψρ+λ(z∗)

φρ+λ(x+ c)ψρ+λ(z∗)− φρ+λ(z∗)ψρ+λ(x+ c)
+ v′(z∗) = −1,

(3.9)

which determines the optimal threshold z∗.

4. An Example

This section presents a detailed analysis of the case when the stock price follows

a geometric Brownian motion, with a(x) := σx and b(x) := µx, for all x ∈ I, where

σ ∈ (0,∞) and µ ∈ R. In that case, given α > 0, the fundamental solutions to (2.4) are

given by

φα(x) := x
−
»

ν2+2 r+λ

σ2
−ν

and ψα(x) := x

»
ν2+2 r+λ

σ2
−ν
,

for all x ∈ I, where

ν :=
µ

σ2
−

1

2
.

We perform a comparative static analysis, by comparing the trader’s value function

(3.8) and optimal strategy (3.9) with and without the constraints. The unconstrained
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Figure 4.1. The optimal threshold z∗ as a function of the drift rate µ, with

constraints (solid red) and without constraints (blue dashed)

Figure 4.2. The optimal threshold z∗ as a function of the volatility σ when

µ = −0.02, with constraints (solid red) and without constraints (blue

dashed)

value function and optimal strategy are obtained by setting c ↑ ∞ and λ = 0 in

those expressions. Unless specified otherwise, we use the following parameter values:

x = 10, µ = −0.02 or µ = 0.02, σ = 0.2, ρ = 0.05, c = 75, and λ = 0.05.

Figures 4.1–4.9 compare the optimal threshold for closing out the short position

when the trader has limited collateral and recall is possible (solid red lines) with the

optimal threshold when the trader’s collateral is infinite and recall is impossible.

Figures 4.10–4.18 compare the optimal threshold for closing out the short position

when the trader has limited collateral and recall is possible (solid red lines) with the

optimal threshold when the trader’s collateral is infinite and recall is impossible.
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Figure 4.3. The optimal threshold z∗ as a function of the volatility σ when

µ = 0.02, with constraints (solid red) and without constraints (blue

dashed)

Figure 4.4. The optimal threshold z∗ as a function of the cost of capital

ρ when µ = −0.02, with constraints (solid red) and without constraints

(blue dashed)

Figure 4.5. The optimal threshold z∗ as a function of the cost of capital ρ

when µ = 0.02, with constraints (solid red) and without constraints (blue

dashed)
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Figure 4.6. The optimal threshold z∗ as a function of collateral c when

µ = −0.02, with constraints (solid red) and without constraints (blue

dashed)

Figure 4.7. The optimal threshold z∗ as a function of collateral c when

µ = 0.02, with constraints (solid red) and without constraints (blue

dashed)

Figure 4.8. The optimal threshold z∗ as a function of the recall intensity

λ when µ = −0.02, with constraints (solid red) and without constraints

(blue dashed)
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Figure 4.9. The optimal threshold z∗ as a function of the recall intensity

λ when µ = 0.02, with constraints (solid red) and without constraints

(blue dashed)

Figure 4.10. The value V as a function of the drift rate µ, with constraints

(solid red) and without constraints (blue dashed)

Figure 4.11. The value V as a function of the volatility σ when µ = −0.02,

with constraints (solid red) and without constraints (blue dashed)
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Figure 4.12. The value V as a function of the volatility σ when µ = 0.02,

with constraints (solid red) and without constraints (blue dashed)

Figure 4.13. The value V as a function of the cost of capital ρ when

µ = −0.02, with constraints (solid red) and without constraints (blue

dashed)

Figure 4.14. The value V as a function of the cost of capital ρ when

µ = 0.02, with constraints (solid red) and without constraints (blue

dashed)
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Figure 4.15. The value V as a function of the collateral c when µ = −0.02,

with constraints (solid red) and without constraints (blue dashed)

Figure 4.16. The value V as a function of the collateral c when µ = 0.02,

with constraints (solid red) and without constraints (blue dashed)

Figure 4.17. The value V as a function of the recall intensity λ when

µ = −0.02, with constraints (solid red) and without constraints (blue

dashed)
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Figure 4.18. The value V as a function of the recall intensity λ when

µ = 0.02, with constraints (solid red) and without constraints (blue

dashed)
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